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ABSTRACT 
This investigation determine4 the accuracy to be ezj,ected 
with co~ducting sheet analogy solutions for Laplace and Pois~on 
.equations using simple and relatively inexpensive instrwnentat:iono 
Several problems were solved experimentally and. compared to lmoi,m 
theoretical solutions to check variables in the technique and the . 
accuracy of the experimenta1 solutiono ;rt was found that if proper . 
procedures are followed, solutions can be obtained rath~r rapidly and 
w:i th an error of less than· 5% which compares £avorabzy with accuracy .. 
obtained by other inyestigators with more complex~ precise equipment. 
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The purpose of this thesis is to investigate inexpensive and . 
reasonably accurate instrumentation which will give consistant results 
when solving problems with the conducting sheet analog.yo A secondar-J 
purpose is to compile and outline the available in.formation on the 
conducting sheet analogyo 
The use of analogies in solving complex problems has long been 
a powerful tool available to the engineer. The conducting sheet 
analogy appears to be one of the most useful since it is applicable to 
so many problems in different fields of engineeringo This analogy can 
be used to solve any two dimensional problem that can be expressed as 
a La.place1s or Poisson's equation since these equations ·are identical 
in form to the equations governing the flow of electrical current in 
a uniformly conducting medium. Some examples of phenomena satisfied 
by these equations are fluid flow through soils (seepage nets), ~mich 
is very important to the civil engineer and also to the geophysicist 
for ground seepage problems, air flow patterns in aerodynamics, heat 
flow problems and the stress distribution of sections in torsion. 
The uniformly conducting medium can be represented by Western 
Union "Teledeltos11, an electrosensitive recording paper developed by 
Western Union ( 1). This paper has enabled the engineer to represent 
a uniformly conducting sheet wi.th an economical paper that can be cut 
with a scissors to any desired sha.peo The introduction of "Teledeltostt 
paper .has encouraged several investigators to solve engineering 
problems with the conducting sheet analogy. 
Highly conducting silver paint, General Cement #ZJ..-11 deveioped 
for use in printed circuits• makes the establishment of necessary 
boundary conditions relatively simple. The boundary is painted on the 
conducting sheet to any desired boundary shape. Contact is made to 
the boundaries for input and·ground leads by using a drop of solder to 
hold the wire to the painted boundary. 
Most investigators have used relative~ complex potentiometer 
circuits to measure potential. The use of an ordinary voltmeter 
would make the analogy especially rapid and usef'ul for fast solutions 
of complex problems provided reasonable accuracy caµ be obtained. 
Fairly accurate voltmeter solutions could be vecy useful in finding 
starting values for more accurate solutions by refined numerical 
mathematical analysis. 
.§ 
IIo REVJE'l OF LITERATURE 
lo THE CONDUCTING SHEE,T 
Field distributions have been investigated by using a con-
ducting sheet to ,'lhich electrodes representing boundary conditions are 
attachedo The first published work of this method ·was done by Kirchhof£ 
(2) in 18450 Kirchhoff used a thin ·copper disc and plotted equi-
potential lines using two copper wires and a compass needle as · a 
current balance indicationo After Kirchho£:f9s work there is a period 
of about lOOyears where very little uas ·done with this rather simple 
techniqu~o The development of a commercial conduc~ing paper .(l) for 
use in teleprinters, which is particularly suitable to field mapping 
. . . . ' 
has promoted the use of the conducting sheet methodo 
Previous · to 'Pl'eledeltosn the copper sheet or colloidal graphite 
sprayed on cardboard were the primary· methods or obtaining a conducting 
sheeto The variations in conductivity and the difficulty of making 
contact with the sheet, which were the principal disadvantages of the 
older methods are virtualzy n6n-existant. in 1'Teledeltos" making it very 
satisfactory as a conducting sheet. 
\ 
Information on "Teledeltos" . paper was obtained from the Western 
Union Company (3) o 11Teledeltos'1 is a dry eiectrosensitiv.e recording 
paper consisting of a black carbon filled conducting base coated with 
lacquer..:.bound pigment, which changes from light gray to black under 
the infiuence of electrical. energy, and a thin aluminum backing. The 
useful. part of the material is the black conducting base since the 
front and back coatings are relatively non-conducting and do not enter 
into the field-mapping process o The a1urninum coating is quit.e thin and 
is more easily penetrated by probes or fixed electrical connections 
than the recording coatingo 
In field-mapping applications the required contact to the 
pa.per is made with silver_ co_nducting . paint using acetone or methyi-:-
ethyl ketone as the solvent, · either of which penetrates the c~ating . 
suff'icientzy to make · good contact with the silver solids and · the b1ack 
base papero The aluminum ·coating may be washed .off ,·,here ·desired ~th 
any good lacquer so1 vent O 
UTeledeltos" is available in 31n ~olls in two grades~ type ''L" 
and tYI?e ''li"o ~e resistance. of type '~" ~anges between 1.,500 and 
4~000 ohms per square among samples _with the average a~ about 2,000 
ohms per · squareo Type tlH" paper has a resistance about 10 times that 
. . . . 
of type ~u· with the range about the same and an average value of about 
20.,000 ·ohms per squareo 
The resistance is measured by cutting a. squax,e of _any size and 
measuring the' resistance 'from face to fa.Ceo The resistance in the 
. . 
transverse direction is · slightly greater- than the resistance :in the · 
longitudinal direction., This variation . is due to the manufacturing 
processo The ratio of the transverse .to the longitudinal resistance 
is about · the same throughout a roll and once determined for 'a given 
roll can be ·used for the entire rollo This · ratio is usually ·bett-reen 
.1.06' and i'ol5o 
The·. resistance of '~eledeltosnpaper is . almost,· ·insensitive to 
temperature .changes, tp.e tempera.t~e coefficient .·being 'negative . and 
about 0.2% per degree centigradeo Any change in.resistance .noted when 
. . . 
heating the paper is- due to the change in the. moisture· content wnich has 
. . . . .. 
a IID.1ch larger e££ect on the resistance than t.emperature changeso 
Emoting solutioris shou1d be' carried out in controlled ,humidity con-
ditions., and the placing 0£ moist hands on the paper .when probing-,- shou1d. 
be avoidedo 
· Mapping on. "Teledeltos" shouid be done · td th relati ve:cy, low 
voltage a.n1 moderate currents o The max:unum dissipation des:i_..rable is 
about ·one third watt per square inch _to reduce heatingo · Although the 
paper can take temperatures above 100°0 without physica1 damage, the 
. . . . . . . . . . 
change .of resistance with drying is a significant £actoro Either ac 
. . . . 
or Ac curren:t ~ be ·useci.since th~ paper has no ·polariz~tion e£fectso.-
. 
1
'Tel~deltos" -~~ ~ fielrl-mapp~g mate~al ·has· t~e· advantage of .-
being arr,. safe to ~Se becaus~ 0£ low voltages, -Conve~e:mt due to low ·. 
~mrrent -values and no polarization ~mitations and ecori"omical since the 
paper and· equipment are inexpensi veo .;-,_: 
2o SOWTION AND TECHNIQUE$ ·- INVOLVING ~UATIONS 
OF THE LAPLACE TYPE 
Many problems of physics and engineering are described mathe-
. . 
mati~~ by an ~tion of the type v2 u = o, · l·lhere \] 2_ is_ the . 
La.placian· operator ~ + _a~ + :a2 or in two dimensions 
- . . . . ox2 ~ · az2 . 
\72 can be ~~essed by a 2 + a 2 .. "This equation d~~cribes 
. . . -a.x2 · . c)y2 · · : · · ,, · 
the electrostatic field n~~-'electrodes~· the 'magnetic field.-~ear. 
. . ' . . . . . . ,·" . . ~ . . 
. . 
magnets~ the ~low or current . in a . condu~ting solid or liquid, the mass . 
flow of gases or liquids, or the £1ow of heat un~er steady state 
conditions". (4) 
The fa.ct that a conducting sheet 'Will satisfy La.place's 
equation ·will ·be shown (5)o Referring to Figure l, the diff'erentia.1 
element of. a conducting ·sheet shol'ring the current flow in the x and y 
direction, the.continuity equation is applied: 




Figure 1 · 
dy -t:-o ix+ e> ix dx 
.ax 
Differential Element of a Conducting Sheet 
ix + 1y - (ix + 8 ix dx) - (iy + g iy dy) = 0 
o)x eJY 
simplifying~-
e) ix . dx + ~ iy dy = o 
c)X oY 
using Ohms law: 
ix= -1 c)v dy; iy = =J: ~ dx. 
Px c}X . Py €J Y 
·where Px and Py are the resistances in the x and y direc~ions 
respectivelyo · By substi~uting·3 in equation 2 and simplifying: 






· If Px = Py . equation 4 simplifies to '92v ::= 0; however, if Py 
and Px are not equal a transformation can be used -co express the- · 
original. equation, '{ 2u:J in the same form as equation 4o Let Xt = . 
(Py/Px)1/2 x where Xt is the transformed value of Xo When this is 
substituted into \?'2u the resulting equation is: 
+ .'d2u :iO 
9-y2 
(5) 
Equation 5 is analogous to equation 4 and if the x values or the 
original problem are trans.formed the ::.~problem can be ·worked with the 
conducting sheet analogy. The conducting sheet, soluti·on is then taken 
back to the true solution by taking the ·xt, values back to their 
original values of Xo 
This simple scal.e distortion enables the investigator to 
compensate for the anistropic resistance of'~eledeltos'paper • . Once 
the ratio is determined it is a simple matter to alter the scale of a 
problem to increase the accuracy of the solutiono 
Since the conducting sheet satisfied La.placeis . equation it is 
necessary only to impose boundary conditions electricalzy analogous to 
those of the actual problem to be solved to obtain a complete analogy 
betl·reen the conducting sheet and other physical problems of the Laplace 
typeo 
Liebmann (4) shows a solution for equipotential lines between 
accelerat'ing electrodes of a high voltage discharge tube obtaining an 
accuracy of 2%0 Furr (6) has solved two heat flow problems with fair 
accuracy. Recentzy Loeb ( 7) has used the conducting sheet analogy to 
solve for the characteristics of hydrostatic bearings and obtained 
resu1ts that were in error by less than 1%. Several authors (8) (9) 
have used t.he conducting sheet analogy for solving water fl.ow and 
seepage problems and these solutions will be treated in some detail. as 
they illustrate the technique of solution for any Laplace equation. 
The basic equations for two dimensional .fluid flow in an 
isotropic medium are 7 211 = 0 and v2 'I' = o, where h is the 
potential .function and 'f is the stream flow function. These are both 
La.place type equations and both can be solved with the electrical 
conducting sheet. 
Peat.tie (8) has used 11Teledeltostt paper to solve the fl.ow net 
under a sheet pile dam with an underlying impervious stratum. A 
circuit diagram. of his setup for the equipotential lines is shown 





Probe ''Teledeltos" Model 
Figure 2 
Peattie•s Circuit for Sheet Pile Dam 
The circuit ·was energized with a 2 volt battery and the galvano-
neter had a built-in sensitivity control. The probe used was a 
refillable drawing pencil with a wire sol.dered to the metallic body of 
the pencil and the graphite point was left in position giving ~ con-
venient method for marking the equipotential. lineso 
One of the biggest problems encourite~ed· was ma.king_ contact ~th 
the paper on the boundarieso This was accomplished by cutting th~ 
model out with a quarter inch border at the input and ground boundaries 
and painting these borders with silver conducting pai.nto Sm.all. wires 
were stapled at intervals along the boundaries and a drop of silver 
paint was applied to each 0£ the stapled connectionso 
When the model was 1aid out the horizontal. scale was distorted 
by the square root of the ratio of the vertical resistance to the 
horizontal resistanceo After the net was plotted the equipotentials 
were brought back to the natural scale giving the correct net for an 
isotropic soilo 
The equipotential lines were traoed out by setting the 
potentia1 to the required value and moving the probe until a null was 
cbtained. The equipotential lines were sketched in this manner. The 
flow lines were then sketched in graphically; however, they could 
have been plotted by using a second model in which the insulating and 
conducting boundaries are interchanged. 
A comparison between the conducting paper solution.and a 
relaxation solution showed close agreemento Peattie estimates that 
the condu.cting sheet for this type of problem should give results that 
are in error by only 2%0 
The coefficient of permeability of soil is frequently greater 
in the horizontal. direction (Kx) t.han in the vertical direction (Ky)o 
If all dimensions in the x direction are multiplied by (Ky/ Kx)1/ 2 
and the resulting shape treated as an isotropic soil, the resulting 
net 1-r.ill be the correct one when replotted -to the natural scale. This 
is obviously the same type 0£ transformation that tros made for the 
anistropic resistances in the conducting sheet analogy. Problems may 
then be solved in anistropic soils by applying a scale disto~ion. 
It must be remembered that there are two scale distortions necessary; 
one for the different resistances of the paper and one for the 
coefficients of permeability of the soil. 
Becker (9) has done rather extensive work with the conducting 
sheet analogy for the solution of seepage problems. in both isotropic 
and orthotropic soils. His apparatus was simil.ar to that of Peattie, 
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Becker's Model for Flow Contours 
,. 
· The models solved by Becker were mounted on cardboard with 
rubber cement and the boundaries were painted: on with silver conducting 
pa.into Contact was made in a manner similar to that of Peattieo 
Becker rrade no allo~rance for the anistropic properties of the paper, 
assuming a uniform resistance in all directionso Several types of 
problems were attempted, starting with a sheet piling in an isotropic 
soil similar to that worked by Peattieo Becker~ however, also solved 
the flow lines by the conducting sheet by reversing the insulating and 
conducting surfaces as shown in Figure 3o. 
The number of flow lines was purposely made equal to the number 
of equipotential lines~ since this now makes the equation for the flow 
of electricity identical. to the equation fort.he flow of watero The 
equation for . the . _£low of current. through the curvilinear rectangule 
resulting from mn.ldng the equipotential and flow lines equal by ohms 
law mu.st be of the form q 0 ::i H/R, where H is the voltage drop and R 
is the resistance in the direction of the dropo R is equal to rb/a, 
where r is the resistanca of the paper in ohms per square az:id a and b 
are as shown in Figure 4. Letting Ke = lA~ and substituting R into . 
the current equation gives 
form to t.he water now equation . q = (Mr K H) fifcl where Vlf/Md is the 
ratio 0£ the flow paths to the equipotential dropso This ratio is 
similar to the ratio of a/b and may be found by solving for only one 
rectangle instead of the whole flow net as shmm for the sheet piling 




Becker's Curvilinear Rectangle for a/b 
Becker has also solved orthotropic soil problem~ by ~g 
lines .on tirel.edeltosn paper with a drawing pen fiiled with silver 
?ond~cting pain.~~ By varying the spacing of the lines it was 
possible to change the resistance of the paper to any ratio •. The 
ratio could not be de't,ermined iri' adyance~ however-! ~d to get· a 
specific ratio was a ·e,rial and error type processo · The probJ.em of · 
soils of dif£ereut, permeability was also attempted with a trial and 
· error type process where the soil with the higher permeability was 
. . . .. .·· 
represontedby ~oating the conducting sheet with·a dilut<3 solution 
?f silver con~ucting PB.1:nt~ but it was very:difficult to· obtain the 
proper ratio of resistances. 
Becker gave no values for the percent of error involved ~ the 
various types of solutions he tried; however, he does_ indicate that 
. ·• . . 
the results were in fair agreement with kno,m solutionso 
3 o SOLUTIONS AND TECHNIQUES INVOLVING 
~UATIONS OF THE POISSON TYPE . 
In Poisson~type . equations v72u does not equal zero but is .. 
~al to some constant o The well-knol'm equation for torsion_ of a 
.. 
s.alidppriematic bar is an example of a Poisson-type equationo This 
equation is: 
a2 0 + 
~
-( 6) 
where ¢/is the torsional stress function, G is the modulus of rigidity 
0£ the material, and Q is the angle of twist in radians per ·unit 
length of the baro If the distribution of¢ over· the bar cross secti~n 
is known, then the shear stress is equal to the _slope of ¢ at the 
point interested in and has a direction tangent to the contour· of¢ at 
. . 
the pointo This is expressed mathematically.as: 
T = d .¢ (7) 
am 
where mis the direction normal .to the¢ contourso 
Now consider a small elementary area dy by dx o! a conducting 
sheet similar to the one shown_ in Figure 1~ only :with a distributed 
current of local density i amperes per unit area .fed .1:nto the surface 
(5) o Then apply th_e continuity equation to obtain an equation similar 
to 1, only equ~ to -i dy dx instead of zeroo After simplifying and 
cit' plying ohms law, we obtain 
Py o 2v + 
Px dX2 
(8) 
where Px and Py are again the resistances of the paper in the x and y 
directions respectivelyo Again, if Px = Py, equation 8 reduces to 
v2v = -i P and, ~f P~ =fa Py, we use the same .transformation as in 
Laplace's equation., Xt = (Py/Px)112 x., to obtain 
Py a~ + . c} 20 ::: -2GQ . ( 9) 
~xt2 ~ Px a 
The analogy between equations 8 and 9 enables us to use the 
electrical analogy to solve torsion problems in much the same manner 
as the familiar soap bubble analogy is used for the same purposeo If 
the coordinates of the conducting sheet are related linearly to the 
coordinates of the bar (x = mX and y = mY) and Py i = K 2GQ.,- then V = 
K ¢ and the shear stress for the bar is given by: 
T=m av R oN 
To solve for the twisting moment again let V = K ¢ where 
(10) 
K = Py i/2GQ and substitute into the tl~sting moment equation, Mt = 2 
ff ¢ dy dx~ to give 
!±00 
m2 iP 
.. • y 
(11) 
The last part of equation 11 is the volume under the voltage 
function., so equation 11 may be w~itten as: 
Mt= !+G9 
. m2 iPy 
(Volume ·under V .function) (ll-A) 
Warner and Soroka (5) have used the conducting sheet analogy to 
solve for the stress con~entrations of structural angles in torsion, 
and their. ·technique will be described as it is representative of the 
technique used on Poisson equation.so They used Teledeltos type uv, 
paper and discovered that, although the resistance of the paper varies 
with current density, the variation can be . held below 0.5% by using a 
current density of one ·milliampere/sq. cmo, o~ less. With a curren~ 
densit,y . of 0.8 milliampere/sq~ c·~o, the resistance of the paper was 
found to be 2350 ohms per square. 
The model ·was mounted on bakelite and, due to symmetry, only 
ha.l.f of the angle was used. The free boundaries were established by 
painting them with silver ~ofiducting paint, punching copper conduot9rs 
into it at 3-inch intervals, and connecting to the negative pole of a 
90 volt. B?.ba.t·t.ery through a 1000 ohm. resistor and a millia.mmeter. The 
axis of symmetry was left as an insulated edge. The overall dimensions 
of the model were 11) inches by 8 inches. 
Since it was impractical to app:cy- a distributed ~urrent over the 
entire surface of the sheet:, such a current was approximated by feeding 
an equivalent concentrated current I · into a finite 2-inch square grid 
system. I is determined by mul:-tiplying the current density by the 
area of a square (I = iA) and is fed into the center of gravity of the 
grid square. At incomplete boundary squares the full concentrated 
current was fed in and the voltage values reduced by· the ratio of the 
area of the incomplete square to ~ full square. The feed in contact was 
made with a one-quarter inch diameter copper disk p1~essed into the paper 
with at least 6oo psi. 
The voltage was measured at the grid intersection points using 
a dull-pqinted brass stylus pressed manually into the paper. Thin 
copper wires permanently punched into the paper and sealed with ·a drop 
. . 
of silver paint were also tried with no significant difference in the 
readings. 
The current fed in was adjusted to a high degree of preci-sion 
by comparison to the output of · a standard cell through a. 1000 ohm . · 
resistor. The voltage measurements were also made to a high degree of 
precision.~ti.th a ga1vanometero 
The experimental results of the ratio of the shear stress at the 
fillet to the shear stress in the arm were compared to soap bubble 
solutions and also to a relaxation solutiono The conducting sheet 
solution compared very closely td..th the relaxation solution and was 
near the average of the soap bubble solutions which deviated con-
siderabzy. 
A different technique to torsion problems was applied by 
investigators at the University of California (10) o In this work, 
the torsional stress function was transformed from a Poisson to a 
Laplace equation by letting¢= F - {l/2GQ) (x2 + y2) to give 
v2 F = o, with the condition .that F = (1/200) (x2 + y2) along the 
boundaryo This is analagous to the conducting sheet ~rith v72 V = 0 
and the potential on the boundary o.fi the sheet a function of 
(x2 + y2) 1 namely F = ( 1/2 GQ) (x2 + y2) o 
The model studied was a s_quare bar in torsion. The paper used 
was "Tel.edeltos" type 151-l", mounted _on pasteboard 1-rl.th rubber cement. 
The boundary was approximated with el.ectrodes one inch long painted on 
uith silver conducting paint. · The applied .potentials .were in accord-
ance with: the boundary function at the center of the electrode. The 
equipment required for this type of experiment is a power supply for 
imposing boundary potentials and a measuring circuito The power supply 
input was accomplished with several potentiometers in parall.el across an . 
a.c. source and the measuring circuit ~ms a potentiometer. 
The complete solution required the graphing of the F equi-
potential lines with GQ/2 ::i 1 which uas assumed in applying the 
boundary ·. potentials, the . transformed equation assumes the form 
2 2 ¢ ~ + y == F - • For a constant F - ¢, this is the equation· of a 
circle or radius (F - ¢)1/2. To evaluate¢ corresponding to each F~ 
several circles 0£ radius (F - ¢)1/2 were plotted over the constant F 
contours. For the circle F '."9 ¢ :.n r2, and where this intersects ·F, we 
find the correct value for ¢ is F - r2 where both F and r2 are known 
at the intersection point~ 
· The error in the ·eJ...1)erimental values compared to the mathe-
rria.tical was found to be 2%0 This method has the advantage of not 
requiring feed in at grid points on the sheet, ·but it requires · 
elaborate input equipment to adjust the boundary values and it also 
requires a partial graphical solution. 
The only material the author has been able to find on the con-
ducting analogy for the solution of twisting moment on a section in 
torsion is an unpublished laboratory experiment conducted by :Fuztr 
, · 
(11)o In this experiment a rectangular 2-inch by 4~inch bar was 
represent0d with a 6-inch by 12-inch model of. tfTeledeltosn type 1:fitt., 
paper mounted on one-half inch sanded plywood. Brass rods (one-tenth 
inch diameter) were stapled along the boundaries of the rectangle 
with contact to the paper made by applying silver conducting paint 
between the rod and the pa.per. Rectified 110 AoCo was used to pro-
vide DoCo input current which was passed through a 20,000 ohm resistor · 
to give 10 milliamperes of current which ·was fed into the paper through 
a 00561 inch diameter brass disc with a pressure of approximately 4 _psio 
The rectangle wss :laid out with a one-inch grido The boundary 
·was ground<3d with current being fed in at the· grid intersections with 
the brass disc while readings of voltage were taken at all grid inter-
sections for each fed-in setting with a .· blunt brass probeo The 
equipment used :for taking readings ·was a Weston D oC o milliameter for 
input current, and an RCA volt ohmyst to measure potentialo 
The experimental results for shear stress were 11% high _and 
the experimental results for twisting moment was 21% higho This 
author believes most of this is due to the feed-in probe being placed 
on the grid intersections instead of at the center of gravity of the 
grid square, since it is· not possible to get the voltage at the· grid 
square with the feed-in probe on ito As this is one · of the highest 
readings, it will have a large effect on the answarso 
The author has attempted . in the preceding review to give · only 
a. brief sununary of the th~ory ~ technique and application of the con-:-
ducting sheet analogyo It was undesirable to inclu~e many of the de~ 
tails of the solutions~ and the .reader is referred to .the references 
for further information on a specific type problemo ·To the best of the 
author's knowledge, this review has covered all the significant work 
_on the conducting sheet analogy that has been published to dateo 
III o EXPERIMENTAL PROCEDURE AND PROBLEMS 
lo ;THE PAPER AND MOUNTING 
The first phase of the work was to determine a suitable 
backing and method for mounting the TS'feledeltos0 papero This was 
done by cutting several. long narrow strips of ''Teledeltosn (23n x l") 
and mounting them on various backings with both rubber cement and a 
good quality glue o . Some of the strips were transverse . and some 
longitudinal to the direction of the roll of the paper so that the 
directional difference in resistances could a.lso· be deterrninedo 
The three types of backings used ·were: · 1/4n plywood, 1/4" 
sanded and varnished plywood and 1/4n plexiglasso Contact was made 
at each end of the paper strips by painting a s~rip of silver con-
ducting paint (General Cement #21-1) across the ·ends so that the 
final length of all strips was 22"o Contact was made to the silver 
paint with a copper wire attached ,d.th a drop of soldero 
The values of the resistances were found to .vary _considerably 
with the type of backing and also with the type of glueo · 'The ratio 
of tran,sverse to lo:Ugi tudinal resistanc~, · however, was found to . be 
independ~nt of the bacldng and the glueo The values of this ratio 
were all about l.olO with the transverse resistance the higher. The 
fact that the resistance is dependent on the mounting conditions 
means that, for Poisson type equations the resistance . per square must 
be measured on a square mounted in the same manner and on the sa.rne 
material as the modelo 
The plywood backing was .found to be unsatisfactory since--the 
pickup probe caused .damage to the paper t·ihen a .firm pressure 1-.ra.s 
applied. The plexiglass was ·rotmd t ·o ba vecy satisfactory in ·thi~-
. . . 
respect and al.so gave a. very smooth backgroundo The rubber cement 
-seemed ·t ·o · give be·~ter mounting results -than the glueo The glue 
mounted strips had · .many smaD. pockets of air entrapped ca.using · 
bubbles t·Jhila· t,he -ru.bber cement mounted strips m1re smooth and had 
no bubbleso'· It ims · found also . that ·the ·rubber- -cement ·· mounted · stl"'ips 
were easi~ removed from the plexiglasa after the tests were :run, 
thus enabling th.e sa.m.c ple.x:i.glass to be used over and over ·aga.:i.na 
The glued · B'Grips ·were · much ·. more difficult to removeo · In vie,·r o:f 
those ·:raots · it was ·decided to use plex:i.gl.ass · and rubber cement ·· 
{Carter · #845) tor all .future experimental ,rork e 
2. THE HEAT FLCXt PROBLEt-i 
In the second phase of the uork a Laplace type problem was 
used since the input and ground connections a.re permanent., ma.king it 
possible to investigate pickup probe values ttlth other circuit con-
. . 
ditions relative!¥ constant~ It vms decided that this ·was also the 
best type of problem to check the · error between voJ.tme-t,er and 
poten~iomcter readings. 
The problem selected w~s a hea.t f'low probl.em.., similar to one 
solved by- Furr {6)0 'l'he problem tms a semi-infinite strip of i:r1dth 11' 
with the sides held at .' zero temperature and the end held e.t a constanl; 
tempora.ture ·. K. At this point four gn x 8 1/2,n calibration models w~re 
cut. Two were cut with the 8 l/2n side parallel to the edge of·-the 
paper and two with ,~he 8 _l/2" side perpendicular to the edge of th~ 
paper. They ·were then mounted with rubber cement on plex.igl~ss in 
such a manner that the · res_istance ratio of trarisveroe to lon~tudinal 
. ·resistance could be measured with· the light side and also with the 
dark side upo The end of the modeis were painted with silver paint 
strips 1/4n wide · to leave 8~1 x · su sqtiares. . Copper wires were 
connected with a drop of solder and the .resistances were measured 
with an ohmmeter (Simpson Model 303) and found to be the same for the 
light and dark side. The values were 1950 ohms for the ·transverse 
resistance and 1780 f?r the longitudinal re~istance to give a ratio 
?:r 1~095 or lolO to thr~e figure accuracy, whic_h agreed with the ratio· 
taken on the 2211 strips.· The resistanoes were also measured with a 
potentrometer and standard cell with the DoC. input current adjusted 
to a high degree of precision .with the circuit shown in Figure 5o 










Standard Cell Circuit for Current Input 
transverse and 1803 ohms for the longitudinal to give a ratio of 10095 
or 1ol0 to three figures. 
The dimensions of the heat flow problem were then changed to 
eliminate the ef£ect of the unequal resistance of the paper. The 
· transformation used was xt. · "' x ~)l/2 and with the y axis coinciding 
to the transverse direction of the paper~ Xt = 1.05 Xo 
Two heat fl.ow models were set up on the same sheet o:f plexi-
glass, one with the dark side of the paper up and the other with the 
lighter aluminum side up, to determine any dif£erences i.11 the two sur-
f aces of the paper. The models were cut with a +/4" border which was 
painted with silver conducting pa.into Copper ,dres 1·1ere attached with 
a drop of solder at3 inch intervals along the ground and input 
boundarieso The resistance or the silver paint boundaries i-ras checked 
and found to be less than one ohm between the copper wireso Compared 
to the resistance of t,he paper this was negligible. A sketch of the 
model is shown in Appendix Bo 
The circuit diagrams for the O.Co potentiometer~ DoCo vo1t-
meter and AoCo voltmeter circuits are shom1 in Figures ~, 7 and 8 
respectively o Photographs of ·t.he instruments and some of the models 
are shown in Figures 9-120 
~he input circuit of Figure 6 consisted 0£ a 6 volt wet cell 
storage battery., a Simpson Model 373 millianuneter (0.:.1000 ma:), and a 
Heath Company Model DR-1 decade resistance box ( 0-100, 000 ohms). The 
measuring circuit was a standard potentiometer setup with a Leeds and 
Northup Student Potentiometer (O-lo5 volt) and a 6 volt wet cell_ 
energizing battery through a. DR-1 decade box. The galvanometer and 
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1.0195 volt standard cell were also Leeds and Northup. The shunt 
resistance (20,000 ohms) in parallel with the switch was used to . 
avoid damage to the galvanometer. When balancing the circuit ·che 
switch was left open and after the circuit had ·been roughly balanced 
·the mrl.tch was closed to obtain a more sensitive balance. The double 
pole-double throw switch was vecy convenient for checking the 
potentiometer balance and allowed the same galvanometer circuit for 
potentiometer balancing and measuring the volta.geo 
The circuit shmm in Figure 7 for the DoCo voltmeter measure-
ments had the same input circuit to the model as. used ·with. the 
potentiometer. Th~measuring circui:t consisted merely of a Simpson 
Model 303 VTID-1 set to the DoCo voltage scales. 
The AoCo circuit shoi.m in Figure 8 has a Sola constant voltage 
transformer (95-125 V input - 115 V output) from a wall plug as its 
source. The Fisher.: Scientific (ll5 V input, 0-140 V output.) variac 
was used for convenience as a variable resistor and the DR-1 decade 
box was used for fine adjustment of input voltage. The milliammeter 
in the line was a Simpson Model 378 (0-1000 ma) o . The moaauring cir-
cuit consisted of the Simpson ~odel 303 VTVM set to the ·AoC• voltage 
scaleso 
The mathematical values of the measured points are given in 
Appendix A and the expe1--imenta.l values are tabulated. in Appendix. Bo 
A compal:1-son of the percent 0£ error shows that the DoCo and AoCo 
voltmeter gave results that compare favorabzy with those of -t,he 
potentiometer except for relatively low values of voltageo It was 
later found that the low voltmeter scales are out of adjustment. If 
these scales were recalibrated the values in the low range woula. be 
much closer to those read with the potentiometer. The voltmeter . 
values were generally '\'rlthin one or two percent of the potentiometer 
readings. All readings were fairly close to the mathematical va.iues, 
· except toward the end of the model where the values varied from the 
mathematical solution since the strip was not really semi-infinite as 
assumed. 
There was no significant dif.f erence in the voltage values taken 
on the light and dark models; however, the light side required less 
pickup probe pressure to make good contact botwe~ the base paper and 
the probe. The values .at grid points were found to be consistant, 
provided the probe was held vertical and a .f'irm manual pressure 
applied. The pro be used was the standard blunt nosed voltmeter probe 
that came 'With the Simpson Meter. The voltage at several points was 
rechecked frequently with the .voltage readings remaining the same. 
As a result of the boat f'low data it was deci°ded to use the 
light side of the paper for" future work and that a manual pickup 
probe would be entirely satisfactory for taking tx?tential readings. 
It was also evident that with the voltmeter, better accuracy could be 
obtained w.i.th fairly high voltageso Since a DoCo voltage ·source 
above 12 volts ,·ras not readily c;vailable it was decided to use a 110 
volt A.C. source for most of the remaining worko It is genera.l.J¥ 
accepted that better accuracy is attainable with D.C. instruments than 
with A.C. so it was .felt that if the A.c. problems were reasonably 
accurate, a D.C. setup would give equally as good ar.d probabzy bet-l~er 
results. 
3. THE -SQUARE BAR IN TORSION PROBLEM 
The solution or a sq,iare bar in torsion problem was chosen 
because the exact mathematical solution was available. Also compa.ri-
-· son l-m.s possible with Warner and Soroka (5) who worked this problem 
with a precision potentionmeter circuit and obtained results 4.3% be-
low the mathematical answer for the maxinrum shearing stress. 
A. THE MODEL AND PROCEDURE 
The model was cut full size to represent a 16" square bar:, 
ho,-rever~ due to symmetry only one quadrant of the· bar· needed to be 
represented. Wi·lih the y axis coinciding with the transverse 
direction of the paper, the values in the x direction were multiplied 
by 1.05 to allow for the anistropic resistance of the paper. The sn 
by s.4n section was cut from the paper with an extra 1/411. border on 
two sides to allow £or the silver paint electrodes. ·The other two 
sides representing axis of symmetry were le.ft inS1:,1lated. The grounded 
outside edges assured a constant value or the function on the outer 
. boundary ,mich is o:pe of the boundary _ conditions of the torsionaJ. ¢ 
functiono 
Th~ 1/4"' borders were painted leaving an 8"-X: s.4n figure end 
copper wires were soldered at 2 1/2" intervals and connected to one 
sid_e of the A.C. input circuits. The circuits used were similar to 
those of Figures 7 and 8, with the exception that the input current was 
not a parm&nent boundary but was fed in with a brass probe. A one inch 
grid syst,em was lsi.d out over the square with the x dimension ·a.ctualzy 
lo05U on the model. 
The feed in probe wa.s placed a·(j the center of gravity of the 
grid section:, a pressure applied to :insure contact with the paper, and 
the input current was adjusted with the decade box to obtain the 
proper value., The voltage was then read at all other grid inter-
section points and the process repeated with the input, probe on a neH 
grid section until current had been feel in a.-t, all sections o The sum 
or these voltages a·~ ea.ch grid intersection gives the height of the 
voltage function at that pointo To obtain a.11 a.~curate value of the 
naxinrum slope which is known to occur on -the outer edge of the a:ds . of 
symmetry, ·the voltages were tnk~n in 1/lon increments f'rom the grounded 
edge along tho inrula·ted edge o 
Bo FEED IN PROBE SIZE AND PRESSURE 
Prior to ru1y actual solutions the effect 0£ feed in probe size 
and pressure was determinodo The feed in probe pressure was applied 
with vm~ious size weights on various diameter input probes. It was 
found that the larger the pressure applied the better the contact was 
with t~e paper and the higher the input · current £or a constant ex-
ternal resistonce. To study the effect of this pressure, the external 
reoistnnce l'ffi.S adjusted to give a constnnt predetermined value for 
the input current (10 ma.) for difi'eren·~ pressures. The voltage was 
then read and found to be the same at the grid intersections regard-
less of the input pressure or probe size providing this pressure was 
large enough to insure uniform contact of t,he probe to the paper. 
The minimum pressure seemed to be about 20-30 psi. The test prob~s 
used were round brass, wit.h 'flat smooth ends, varying in dii:i,meter 
from 0.12 to Oo40n and 1/2" longo 
Since there ,·ra.s no ·difference in the voltages obtained it was 
decided to use the largest probe ( OoL.,Ott diameter) for fu"l:iure readings, 
as it was more stnble geometrically t,han the smsller diameter probeso 
The weight used with this probe was 5 pounds to give a pressure of 
approrlmately" 40 psL, 'l1hio,.:combination of probe and pressure was 
used for all successive readings and problems. 
Co THE SIZE OF THE GRID 
The size and shape of the grid system are entirely arbitrary 
and dependent on the individual problem. A square grid system seemed 
to be the easiest and most convenient to work with ilnd ,ms usedo 
The size of the grids determines the accuracy an~ speed of solutiono 
A system of very small grid squares will give a more accurate 
solution than a system 0£ larger ones but it l'rl.ll also require many 
more readingso 
The volume of the function was approximated by taking the 
average height of the corners of a grid square and multiplying by the 
area of the base. There is obviously part of the volume of the 
function left outo The smaller grid involves less error in this 
· , 
respect than a larger one. Figur~ J;.3 ,.shows a typical cross-section arid 
the omitted volume for a grid of x by x and for one x/2 by x/2. 
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Figure 13; 
Voltage Function Cross-Sections Showing Neglected Volume 
By reducing the. input grid from 2n to 10 the error in the 
. solution of the twisting moment for the square bar in torsion was 
reduced from 11% low to 8% lo,1 with tho same size .pickup gri<;i. of 2"o 
The number of voltage readings:, however, was increaoe~ by a. .factor · 
of fouro If the pickup grid had also-been reduced to 1n the number 
of readings would have increased by a factor of 16 1'.lhich ltoul.d have 
required ovor l,,» 000 readings o 
The shearing stress was found using a lstgrid input and was 
in exact agreement with the mathematical. solution· to thl?eot f?i·~fictmt 
figures o It was expected ·chat · this would be closer to the true 
ro luti on than the t,dsting moment since there is no vol\.Uile error in 
determining the slope and the graph~g of the three ke;r points allows 
a very close approximation of the true· slopeo The graphs for the slope 
determination are in Appendix Bo 
No particular size grid system can be used for all problemso 
The size to be used for a particular p'roblem must be chosen by the 
individual investigator depending on the accuracy desired and ~he 
time available for solutiono 
D. . SUMMARY OF SOllJTIONS 
The first solution attempted \·ro.s ,'Ii.th a DoCo circuit for the 
maximum shearing stresso It was immediately evident that the pickup 
voltages were very small and difficult ·to read butt.tho solution was 
completed. The resulting shearing stress ,ms 39% high ,mich was not 
surprising in vieu of the extremely low voltngos_ involved. This was 
the last D.Co solution attempted in the absence or a high voltage 
DoC~ power supply. 
The same problem ~ms then solved using an A.C. circuito The 
input current was 10 ma per sqo ino with a one inch grido The points 
were summed up and the graph plotted to find the maximum slope of the 
voltage function. The resistance of the paper was then measured with 
the same milliammeter and voltmeter that had been used to measure the 
grid voltages and was found to be 1950 ohmso The resulting ma-umum 
shearing s·tress was in agreement with the mathematical solution, 
show.l.ng no error to these significant figures. 
It ,-rill be noted that a.t this point in the work there were 
marked changes in the weather. The ireather had been wet with high 
humidity and then turned hot with 10,1 humidity. The weather con-
tinued to fluctuate for several dayso This fluctuation is considered 
important since the measured resistance or the _paper varied con-
siderably in .the next tests and. from day to day. 
Part, of the change in measured resistance is due to the ract 
that the voltmeter scales were not consistant with each other, t~at is 
the O-lo2 volt scale read a full lo2 volts and when the dial was used 
to switch to the 0-12 volt, scale, the same po·centia1 on this scale 
·would read only 0.95 volts. This scale difference did not affect the 
shear stress readings since a.11 readings were read on the same scale:, 
but in the t~rl.sting moment problem both scales were usedo 
The next problem was to solve the twisting moment equation. 
The .feed ·in grid used was 2" and the I?ick up grid was also 2n re-
quiring 256 readings .for the solution. The input current· was 20 ma 
or a current distribution of 5 ma per sq. ino The resistance of the 
paper was measured with the 0-12 vol-t, sea.le on the voltmeter by 
varying the input currents and using Ohms law to calculate the 
measured resis·l;ance. The resistance was checked nt several points 
ovei- the full. range of the scale dial and the values were all within 
5 to 10 ohms, indicating that any error in the voltmeter or ammeter 
was the same over the full range 0£ the dialo The average value of 
the measured resistance ·was .found to be 1450 ohms. The data and 
calculations are given in Appendices B and C showing the experimental 
solution was 11% lowo 
The problem was reworked -with a 112 input grid and a 2" pickup 
grid requiring 1024 readings. The input current used was 10 ma for a 
current density of 10 ma per sq. ino The average .measured resistance 
with the 0-12 volt scale was 1450 ohnlso The accuracy was increased 
with only 8% error~ again below the mathematical solutiono 
It seems reasonable in problems involving volume 0£ the voltage 
function to add a small amount to the experimental solution to 
compensate fo; · the·neglected portion of the -function previously dis-
cussed and shqwn· in Figure :l,3.o · The amount to be added depends on the 
pickup grid· size and .for a 2n grid a value of 3% to 5% appears 
reasonable for this problemo If 5% is added the eA"'Perimental solutions 
· · for torque are only 7% and 3% low £or the 2" and 111 input grids 
respectivelyo It should be noted that these percentages are only an 
estimate dependent on the grid size and the shape of the function_, 
but a small increase in the experimental. values is certainly justified 
in any caseo 
The fa.ct that the lower voltmeter reading_s were knovm to vary 
.from the 0-12 volt scale J> which was used to measure the resistance of 
the.paper, led to an investigation of the possible effect this would 
have on the answero It was found that the total height of the 
voltage .function at a. given point was not affected much by the 1ow 
voltmeter rea.dingso The ordinates n~ver had more than 10% o:f their 
height measured 'With the low scale and it rro.s usually closer to 5%o 
The higher percentages of error were close to the ground where the 
ordinates are 1ow and have the least e:ffeci;, on the vol~e. Ch the 
higher ordinates near the cent~r the value was only' 1%. · The scales 
were about 20% different so the e£f eot on the fina.J. ordinates would 
be abo~t 20% 0£ 5% which is only about 1%o This error was considered 
as negligible and no correction was applied to the 1911 voltmeter 
readings. 
At this point it was dec~ded to check the accuracy of the 
vol.tmetero A check with a recently calibrated voltmeter _in the 
Physics .Department showed that the 0-102 volt scal.e was reading 
Fl«)• ~·~ .. . 
..... .,. 
about 35% high over the entire range. The 0-12 vol.t scale was·· also 
high by about 15% as -we.s the 0-60 volt scaleo This discovery illus-
trated a. rather startling .facto .. Since the voltages a.re direct,ly 
proportional and the resistance of the paper is inversely prcportionn1 
to the nnswer., the correct solut,ion can be obtained with a poo1•ly 
calibrated meter if the resistance of ·l;he pnper and the voltages are 
both measured ,tlth the same instruments on the same scales., 
4. THE CIRCULAR SHAFT WITH CIRCULAR KEYWAY lli TORSION PROBLEM 
As a final problem to test, the accuracy of the conducting sheet 
analogy using an ammeter for measuring input and a voltmeter for 
measuring potential it was decided to work a circular aha.ft with a 
circula.t> keywa:y o The stress function was available for this problem 
and the mathematical solution is in Appendix A for a ion diameter 
shaft with· a in radius keywa.y o 
The conducting model wa.s laid ou:li to full sea.le with the 
dimensions perpendicular .to one re£erence diameter ruul~ipliod by 1~05 
and the transverse direction o~ ·the paper parall.el to this diameter. 
~ square grid system was used but of cour~~- tho transfo?"me~ va1ue of 
the di~tances perpendicul.a.r to the referen?e diam.eter . square was lo05 
times the value in the direction paral.lel to _the diameter. A one inch 
grid sy~tem was chosen which fit into the circle very nicely with a 
minimum or partial boundary squares. Since the shaft had an axis of 
·, 
symn.etry only half of the shaft ,ms represented on '"Teledeltosn. The 
outer boundaries were left uith· a 1/4" border which was later painted 
with silver conducting painto The a.xis of symmetry required no border 
since it is an insulated edgeo A 6" calibrating square was al.so cut 
from the same section of the UTeledeltos" roll as the model and ·was 
mounted with rubber cement on a piece oi: plexiglass as was the shaft 
modelo Copper wires were ·sold.ered at approximately 5n intervals 
around the border and the circuit was similar to that uoed for the 
square bar in torsiono 
The ma.in input and measuring grid size was 2no The input 
probe was placed at the center of gravity o:f the grid sectionso The 
input current used ~ras 20 ma or a current density of 5 ma per sq. ino 
On the partial areas near the circular borders the input probe was .. 
placed at the center of gravity of the chosen partial: sections and the 
input current was reduced to the proper value to give a 5 ma./sqo ino 
current density. This "Was done by estima:iing the area of the partial 
boundary squares as triangles or trapezoids and multiplying 5 ma 
times the area of a chosen section to obtain the input current valueso 
The area of the section that · wa·s used to feed · in the current 
was also u~od-J. to measure the volume of the functiono The grid 
system and expe1"imenta.l values_ are given in Appendix Bo· 
The measured resistance 0£ the paper· in the transverse 
direct~on was found to be 1610 ohms per squareo Since the 1ow volt-
meter scales were kno1-m to be of:f~ as many readings as possible were 
taken on the 0-12 volt scale and the resistance of the paper was also 
measured on this scale. 
The percent of error in the shearing stress was 202% low and 
the twisting moment was 4.6% lowlt with no allowance for the neglected 
volume. The ratio of Mt to Tmax. was 2o5% low. In view of the equip-
ment used and the size of the grid system the error is surprisingly _ 
small. 
It ~ras attempted at this point to deternd.ne why the resistance 
_. of the paper changed such·a large amount over the period of the tests. 
As pointed out previous:cy-~ . the relative humidity had changed 
and the paper is knol'm to change resistance 10:th moistureo The grid 
squai•e used to calibrate the transverse resistance was wiped on the 
sur.face with a slightly dampened cloth. The. resistance was measured 
and found to be over 2,200 ohms/sq. The resist~ce was periodically 
chocked and as time pa.ssed and the paper became drier~ _ the resistanc_e 
dropped until it eventua.lly approached the original. va.J.ue 0£ J.610 
ohms/sqo 
It is impractical to obtain a graph of humidity vs. resistance; 
ho1.·rever:, the hwn:idity has an _extremely large effect on the resistance 
of the paper compared to the other variables. By using a resistance 
calibrating square mounted 'With ·tihe _mode1., the resi~tance o:£ the paper 
can be taken under the experimental conditions and this resistance 
should be used in calculationso _ 
IV o CONCLUSIONS 
The original problem :was to determine if inexpensive and 
relatively simple eq~pment would give f'a.irl;y- accurate results with 
the conducting sheet analogy. The problemsh,1prked show that the 
simple circuits and inexpensive equipment useg £or this :investigation 
gave results l'-Jhich were as good, and possibzy better~ than more com-
plex and expensive circuits used by ot~er investigators. The ree:son 
the author . believes it is possible to obtain better results than with 
more precise equipment is the fact that the resistance 0£ ~he paper 
vari~s considerably with changes in the humidity·. When _precise 
. equipment is used, it takes considerably longer to take the ··readings. 
so that a problem may be started one day and finished .on the . next or 
even s·everal days later. With the . voltmeter, re~ngs can be taken 
comparatively fast and the problem can be completed before the 
humidity c~anges appreciab:cy. o:r course in controUed humidity· con-
ditions, the precise equipment wou1d_undoubtedq give better results 
. . 
than the simpler circuit and voltmeter._ 
The :fact that good results were obtained with a·voltmeter 
known to be at least 15% in error illustrates that . the technique is 
very important o By the sim.p1e process of using the napparent" 
. . . 
measured resistance of th~ paper the ins~rw:zient err~r ·.is .. canceled out · 
in Poisson type equations. In La.place eq~t;~l:l~ the _inst~ent error 
can be eli~nated by adjusting the input to ground potentia1 ~"!1th the 
same voltmeter used to take readings. The author feels.that the 
average vol~~eter in good adjustment should give better results than 
were obtained in this investigation since the switching or voltmeter 
scales would present no dif.ficulties as were· encountered in t~s worko 
The ·results of the problems worked show that inexpensive input · 
. . 
circuits· and voltmete1~ potentia1 readings 'With a calibrating square ( for 
· Poisson solutions) will give results with less than · 10% erroro For 
shear ·stresses an accuracy of less than 5% seen{s r~asonable and if an 
adjustment is made for the neglected portions _in calculating the ~olume 
of the vo~lrage function ·an error of less than 5% seems reasonable ~or 
·t,orque valueso Errors in plotting equipotentinl. -lines in Laplace 
equations should ~so be less than 5.%o 
With an adjustment for neglected volumes the accuracy for all 




SOLUTION OF HEAT FLO/l PROBLEM 
The desired solution is :for t,he steady state temperature 
distribution in a uniform._plate ext.ending from x = 0 to x = d and 
semi-infin.ite in the positive y direction. The temperature at any 
point is given by Uo The boundary conditions are u = 0 on the edges 
x = 0 and x = d, u = constant (K) on the edge y = 0 and as y approaches 
infinity, ·u approaches zeroo 
The ·two dimensional steady state heat f'low equation is a 
Laplace equation '72u·= 0 (12) and the solution of this problem vrl.th 
· the _given bounda~ conditions is a Fourier series_ (13) of the form 
.!>O 
u (:xy) =<1 _lili e_,nhy sinflhx 
~ n'IT' d T 
n = 1,3,5 
If,:·d.-.-=:1r.this/ equation reduce·s 'l;o 
...00 
u (Jcy) zu 
n-rr 
-ny e. . sin nx. 
n = l,3,5 
The solution :for any value of x ·and y is now obtained to any desired 
· accuracy by taking the required nwnber of terms in the series. A table 
on the follow.tng page gives the solution for the points used in the 
experimental work. T'ne values are in terms of K which is a constant 
temperature applied at the edge y = O. 
MATHEMATICAL SOLUTION OF HEAT FLOW PROBLEM FOR u 
A'l' EXPERIMENTAL GRID POINTS 
(Answers in items of K allow variation in input) 
y · x = 11/4 = 3 1( /ls. . 
025 .7820 ·IC 
050 .5957 K 
.75 .4521 K 
loOO .3448 K 
1.50 .2041 K 
2o00 .1224 K 
3.00 .04484 K 
4.00 .01648 K 
5o00 .00603 K 












SOLUTION OF SQUARE BAR IN TORSION 
The maximum shearing stress and the twisting moment in ~er.ms 
of the shearing modulus of elasticity, G, in psi and the angle of 
twist, 9, in radians per unit length w:ere taken from tables (14) . and 
nre: 
Mt, = 9,240 G9 
SOLUTION FOR CIRCULAR SHAFT WITH CIRCULAR KEYWAY IN TORSION-
The stress function,¢, for this ·problem is given by Den · 
Hartog (15) and is 
¢ :r ~ (x2 + y2 - 2 ax + 2b2a.x - b2) 
2 x2 + y2 
where a is the radius of the shaft and b is the radius o:f the keywey 
as shol·m in the sketch below o 
x 
cmCULAR SHAFT WITH' KEYW'AY 
The value of the maximum shearing stress is given by finding 
the slope of the ¢ .function where the · maximum shear · stress is krio-..m to 
occur. The slope required is ..2.J2/ evaluated at . x = b, y = o. 
Sx . 
~ = -~ f 2x: - 2a'+ Lteb2x2 + 2ab2 · l 
ax 2 l (x2 + y2)2 ·. x2 + y2J 
at x = b, y = o 
~ = -GQ (b - 2ab2) 
;;x 
for the experimental problem a = 5, · b = 1 and Tma.xo = -GQ (l-10) = 
9 OOo !. _....... '• 
·f:.''"'O 
~J' 
The value for the t1'rl.sting moment is given by Ht . = 2 r f ¢ 
dy dx• In this problem it is advisable to change to polar coordinates 
where x = r · cos 9, y = r sin 9o This ma..~es the equation of the shaft 
r :::-: 2a cos Q and the k:eyway equation is r = bo The upper limit on G 
io the intersection point · of the two circles which is Q = 104713 rad~ 
and by symmetry we can me.ke the lower lim:i. t zero and mul.tiply by 2. In 
polar coordinates dy dx is replaced by r dr dG and the¢ function is: 
¢= (r2 - 2 a r cos Q + 2b2 a cos Q - b2) 
r 
V1t, with a ::. 5 and b = l is 
. Mt, = -200 . 5 l.47l3 slO cos Q (r3 - 10 r2 cos Q + 10 cos Q - 5) 
dr d9o e> \ 






,AID SYSTEM fOA H[AT FLOW MODEL 
GROUNI) 
,.....__-------+--10 ---1 ·. _J . 
















. 4~_00 : 0~066 
· 5~00 . : 0~024 











i METER:·READINGS -AND::PERCENT·-:ER.ROR:VAWES··;FOR HEAT ·FLa1 PROBLEM- . , ·.· .. . .-.. -· · 
·. DARK SIDE OF PAPER-. WITH . 4 VOLT INPUT '. . · . . -. :. , - , . 
'X = 'ff /4 .. X = 31t /4 
Voltmeter· . 
x = 11/2 
Voltmeter · Voltmeter 
Poto D.C. AoCo ·.Math Pot. DoCo A.O. Math Poto DoCo . A.C. 
. . 
.. 
3~13 3~15 3ol2 .3~17 .3~38 · 3.40 3~38 .3~1.3 .3~13 . .3~13 3~12 
2~39 2~36 2.~36 2~78 2~79 . 2~80 2~78 2~38 2~39 2.40 2~.38 . 
1~s4· 1~82 1~79 2~25 2~26 2~26. 2~25 l~Si 1~84 1~82· 1~80 
1~41 1~41· 1~39 ·1~79 1~84 · 1~85 . 1~80 ·.1;.38 1.41 1~45 l~.'.38 
o;s5 · 0~850 0~855 1~12 1~15 1~20· · 1.13 0~816 0~840 0~90 0~85 
0~510 0~455. 0~510 0~685 0~705 0~630 · 0~685 · ·0~490.: 0~511 o.~45 Oo54 
Oo!S?··· · 0~178 0~200 0~254 O~'Z/3 o~zo 0~250 0.179 .0~190 . m1>_i1s· 0.22· 
0~072 0~061 _. o~oso 0~093 -0~104 · · 0~088 · 0~060 · 0~066 0.075 .0;062 o~o~ 
-0~026 o"~o22. 0.0.30 · 0~034 0~039 0~035 0.015 0.024 .0~026 0~02.3 0.030 
0~010· Oo009 . l } 0.013 : Oo0l4 OoOl --. 0.010 OoOlO · 0.009 -
PERCENT ERROR 
'O · 0~6 .. 0~3 0~.3 0~9 0 • .3 ·o ·o o~.3 
.. ~4 0~8 0~8 Oo4 0~7 0 0~42 o.s4 o.o· 
1~7 Oo5 l~l 0~4 0~4 ·o c 0~20 0~6o 0~60 
2~1 2~2 0~7 .2~9 . . .3~4 .Oo~ 2oll 5~1 0~73 
4~2 ·3~66 4.2 13~0 7~1 Oo9 2~94 . llol 4~9 
4~1 .10~8 10 · 2~9 : 8~1 2~8 4~1 -8~2 10~2 
3~8 7~6 .··22·~2· . 2~9 4~0 106 6~1 · 7~9 22o9 
9~1 7~6 21~0 11~8 5~4 .42 9~4 6~1 2l 





2Jo0 · 0 10 
. ~.!T) -. 
- ~~ 
.:-. . .... , 
~ (4 ( . 
. . · l\.}. a, }'· 
LIGHT_SIDE OF PAPER WITH 4 VOLT INPUT . 
x = 11/4, . X ::: 'fi'/2 .. .. .. X = 31( /4 
Voltmeter Voltmeter . Voltmeter 
Math Poto DoCo A.Co Math Poto DoCo A.Co . Math Poto DoCo · AoCo 
. ~25 3.~~.3 3~ll 3~13 3~08 3~37 3~33 3~38 · Jo35 3~~ 3oll 3~12 ·3~08 
~50 2~38 . 2~36 2~38 . 2~39 2~78 ·2~75 2~80 2~70 2~38 2~3g 2~40 2~30 
075 1~81· 1~79 l~SlO 1~78· 2~25 2o23 2~25 2~20 1~81 . 1~79 1~81 1~79 
1~00 l~.38 1~37 . 1~400 1~.38 1~80 1~80 · 1~80 1~76 lo JS 1~37 1~40 lo36 
1~50 0~816 0~823 0~810 0~802 1~12 . 1~13 . 1~10 1~12-· . 0~816 0~8Z3 o;s15 o;s10 
. 2~00 0~49Q . 0~56 · 0~490 0;52· 0~685 0~691 0~685 0~660 0~490 0~501 0~495 Q~52 
· 3~00 O~l'J.9 . O~]E.9 . 0~176 0~220 . 0~254 0~269 0~255 0~290 . 0~179 O~l.89 . ·0~179 .·0~22 
4~00 . 0;066 . 0~071 0~064· 0~07 . . 0~093 o :·10:. 00094 OoOSO · O~Qo6 · 0~07l :. .o~6$.5 · 0~070 0 ·'"" 5~00 0~024 : .0~026 . 0~02.3 0~03 . . 0~034 ., 0.~048 .· . 0~03 5 · OoOlO . 0~0.24 0;026 . 0~02.3 : Oo03 
6000 OolO .OoOlO Oo009 -" ' 00013 Oo0l4 000012 -· OoOlO 09010 00009 
PERCENT ERROR 
· ~2·5 0~·64 0 1~61 1~18 Oo30 . 0~60 Oo64 0~32 1~16 
~50 0~84 · 0 3~36 .l~OS Oo73 2.s7 0 Oo84 )oJ6 
~75 1a5 :o 1066 . Oo89 0 1~37 1~15 · 0 1~15 
1~00 0.73 · 1~45 . 0 0 0 2o22 0~73 1~45 1~46 
1~50 0~76 Oo74 - 1~72 0~84 lo79 0 0~76 ~10 0~74 
2~00 2~25 .· ~o:· 6;10 · 0~88 ·o 3~65 . 2~25 . lol3 6~10 
3.00 . 
-5~57 · 1~67 22~81 1~69 0~38 13~65 5~57 ·o 220-81 
4~00 . 7~58 3~03 .:6~06 7~31 '86 · 40 40 7~58 1~52 · 6.06 0o . 0 ,, 
5~00 8034 4ol8 · 25o0 11~75 . 2.94 73075 8034 . . 4ol8 25o0 


























3~62 · 3~60 
2~76 2~75 
1~63 ' . 1~60· 
0 ~980 0~990 
O ~358 · 0~355 . 
o· ~JJ2 0~105 
~G048· .. · 0~030 











55, .. \ · 
I ' , .. • ~ ; ~ • • 
DARK SIDE OF PAPER · 
·,, · Input Volt~e (K) = 12 Volts 
X::: 1r/2 X= 1r/4 & 31'1 /4 X ::: 1!' /2 
: Voltmeter ., 5 Voltmeter 1 Voltmeter 
Ma.th AoCo 
' 
Math AoCo Math AoCo 
6~75 6~75 9~38 · 9~35 10~12 lOoO 
5~55 5~55 7;15 7~03 8033 8~31 
4~50 4~50 5~42 5~50 6~74 6~65 
3~59 . 3~55 , 4~14 · 4~05 5~39 5~38 
2~24 2o22 2~45 2~40 3~54 3~4:1. 
1~37 1~40· 1~47 1~48 2~06 2~05 
0~507 0~510 0~537 Oo544 0~762 '' 0~180 
0~186 0~170 0~198 0.100 Q;28() O~Z/0 
0~068 0~045 0~072 0~050 · 0~102 G~OSO 
0.025 OoOlO 00030 Oo015 0.038 0.018 
PERCENT ERROR 
..... 
.;'.0 0~32 1~01 ,; 
0 1~68 0~24 
0 ·1~48 
·°'· 1~33 1~12 2~28 0.19 
0~89 2~04 3~67 
2~19 0068 · 0~50 
0~59 1~30 2~36 
· 8~60 9~10 3~57 · 
33~9 30~6 ~~8 . 6o.o 50.0 .52o7 
"u(l ' . 
<:~LIGHT SIDE OF PAPER. 
Input. Voltage (K) .:: 8 Volts Input Voltage (K) = 12 Volts 
X = T(/4 & 3 'ft /4· X = 'fi'/2 · X = 7r /4 & 3 Tr /4 X = .ir' /2 
Voltmeter Voltmeter Voltmeter Voltmeter 
. v Math AoC.· .Math AoC. 11.iath AoC • Math ·A.C. 
~25 6~26 6~10 6~75 6~&:J 9~38 9~70 10~2 lOoO· 
~-50 4~77 4~65 . 5~55 5~45 . 7~15 7~00 a.33 8~20 
075 .3~62 .3o50 4~50 . 4o40 5o42 5o30 6~74 . 6~&:J . 1~00 2~7~ 2~70 3~59 3~50· 4~14 . 3·~95 5~39 5o30 1~50 · 1~6.3 · h55: 2;24:. 2~15 2~45 -2~.38 .3.54 .3~29 2~00 0~980 0~980 · 1~37 1~26 1~47 1~40· 2~06 1~98 
.3~00 0~.358 · . ·0~.3.3 ·0;507 . · 0~50 0~537 . 0.520 0~762 · o.76o 4.00 . 0.1.32 0.095 ·0~186 Oo:U,.5 0~198 0~160 0.280 . 0~250 
. 5~00 _. . 0~048 0.02 0~068 0.04 0.072 0.040 0~102 0.060 
. 6.-00 . 0.020 . - 0.025 0.030 0.030 · ~010 
PERCENT ERROR 
~25 ·2.56 2~22 .3.µ loOl 
.50 2~52 1.·a2 2~1 2~08 075 3~31 2~22 ·2~26 1~67 1.00 2;17 2·~50 4~58 7~06 1~50 
. 4.93 3~69 2;s6: 3.88 2~00 · o 8.03 4o85 · 0~26 3~00 . : 7~8T 1.37 19~2 10.72 4~00 28~1 22.0 44o5 41.8 5~00 58.4. 41.2 
6.oo · 
LIGHT SIDE OF PAPER 
Input Voltage (K) ,=16 Volts Input Voltage . (K) = 20 Volts 
-, 
· x = Tr/4 & 3 rr /4 · X == 1( /2 X =·71'/4 & 31r /4 X = 71/2 
· Voltmeter Voltmeter Voltmeter Voltmeter 
v Math ·A.Co Math A.C. Math AoCo · Ma.th A~Co . 
~25 12~51 12.2 13~49 13.30 15~65 l5o2 16.85 16050 
~50 · 9~53 . 9~65 11.10 11.30 11090 11.9· 13.90 13.ao 
~75 7~24 . 7~35 s.99 9~20 9o05 9~30 llo25 11.62 
1~00 5~52 5~60 7~18 7.35 6~90. 7.10 8~95 9~35 
1~50 -3 ~26 . 3'~22 4~47 4~40 4~10 4018 5~95 5.80 
2~00 ·- . 1~96 1~98 . .·2~74 ; 2~72 · 2~45 · 2.50 . lo4) · Jo48 
3~00 . - 0~716 0~765 ·:a-;01 . 1.09 · ·0~900 0~980 1~27 .1~22 
.· •. 4~00 0·~264 0;750 · ·0~372 0~36o ·0~390 0~330 0~465 0!49.0 . 
· .. 5 ·00 · 0~096 0~065 0~136 0.110 0~100 0.090 0~_170 ·oa50 0 • 
· · 6.00 0~040 0.015 0.051 ·0.020 : 00050 0.020 - Oo,065 0.030 
,: 
PERCENT ERROR . 
. ~25 :. ·.i . . 2~47 1~42 2off! 2;os. 
~50 1~26 .1~80 0 0.72 
.75 3~80 - 3~45 2o76 . 3.38 
1~00 1~45 ·2~37 2~92 4.47 
1~50 1~11 1~57 1~95 2~52 
2~00 lo03 0~74 2~04 3~50 
3~00 6~78 · 7;92 8~90 3~94 ·. · 
4·~00 5~3 3~23 15.40 . 7~53 
5~00 32~3 19.10 10.0 18.0 
6.00 62.5 60.8 60 ·54 · 
58 
GRID SYSTEM FOR SQUARE IN TORS)CJKJ 
..SQUARE H-I SQUARE. P-A 
T T .a... t 
/" , ., . . 
_ ____.l ch J_ 
.NOTE: POIN~~ a, fr, C, ANO ti.., ..L, f MEASURED 
AT /0 _ INCREMENTS ·rROM G-ROUNDE.D E.O&E. . 













· B 2. 
~ 
A J 
~ .... ~L--I--J--K- 8 '~--M-_N __ o __ P --~~ 
ri~c/·voi,TMffl:R :·READnm··v~ .FOR.-MAXIMUM sLOPE°FoR ~ ·_ 
. -·.. : .' . SQUAD mmFr. IN TORSION ·. . . ·. ·. 
• I •, ' . ' • ~·' • ~ • • : • • • • ·, • • • :' • • : : • • , " • 
I • ·,- • ' • • 
. ../ .... · . 
. . .. 
• - J • •• ' . ( '": :.: . .. _·: .. '.; . : . :.-:._.·~ .~. ~ ~. ·.: _ .... -.· . · .. ·; . . · .· ..... ·: '' - , . .. - . . . . . . ·-· · ·- . .. 
. _:· . ,;·., ·' 
l!'~ed-.'in .... \ .... ,· ... ..  ·.· ...-:. Point :Numbers .. < Feecr.tn : · .. ·_._ . Point ~rs·· . feed .. in ~ :,-. · Point Numbers· . . 
. sguara·.-· . .- ::-t > ~ a, -.:- .·d: ... ~· b :· · ! . . c . ·: . , Square ·i· .. · a -· : · ·~ ~ b : . ,·.: ·. ··c · -' .. . · Square . a . · , · b ; c 
' . . . - ' ,,, . . -· . . ,. :: , :· ",. . _·,... . ·. / ; ~ .. · _.. . . . . . . . . . . . . . . ...... . . . : ·: . '· . ~ ·. 
';'. -I~ :.~·:>. .. .,-: o~ooi <:·-~_oioof~· -: ·0~002' . . . · I~E _. 0~018 : 0~02.3 . < 0;0.30 -. '· I-B .. 0~020 . 0.040 .0.057. · ·. 
-. ·j~-.: ·· ·>· 0~_002· -' :._ ·0~004·.·. 0~006 .· .. J.;..E .0~018 · ·· 0~023 . 0~032 ·· .. J-B .·- 0~0·2) 0.04() - 0~060 
;. · ~-H ·>:<. .:·-.- 0~002·~:~ 0;004 · . 0~006 : · .... K.;;E ·-· 0;'010 0~022· .. ·0;0.31 . K-B 0~025 . 0.045 -.. ·o·;o6:3' : · 
Lt,.;.H ··:';;>·· 0~002 <. ·.0~004 · ... 0~006 ·. '• :t-:-E . 0~010 . 0~022 ,. --. o;o.30 · ·. L-B ·. 0~0.30· :0;050 ·- · .. _0,;070: . . .. · .. 
.. M-H :·. · / ___ :=.o~oor /- o;ooi ·;: 0~002 .- · .. , ·.::M-1L 0;010 · ·. 0~021 ·_ 0;0.30 ... M-B ... 0~0.30 · 0;060 .... 6;6so : :. ·,· · 
: ·,· N~-}f :.t:<. o·.001 · ... ) 0.002·:. · 0~00.3' .:_ ··.;·, N~E .:, 0~010' . 0~020 ·: · .. O~OjO_ ·. N-B ' 0~050 o.oso ·-· 0;100 . ·. · · 
··-~ ~.;_>·._··o.,.:.>.-;<':-;·6 --· ... ·~.·.··. :o : ·~ <-·-- ~E ·. -.··6;912 _:·o~020 .··. ~6~025 ·--.. :o-B · :·.- 0~055 ·0~100 -· .. ·. ·0~125 . :·· 
':P-H<:.'~ .< :· : O' · · _ ·-:". ---o·· · : :_ . . · o· .. ·. · · > ... p;..E · . ~ 0;005 · 0~008 . ·-···0;010 . -.. P-B . ·. 0~0.35 . 0~065 , .. .-0~090 .. · . 
.. I-o ··. -.. _ ·0;005 .··- 0~008.·'. .0~009 · · .. · ; I~D :· :. 0~018 -0~0.3.0>. ·0·~040 · . . · I~k- . 0~025 O~Oi,.o '.-.< :0~'055 .: · . 
. J-0 .-- , ~ .... . ::, 0~006 :·;-. O~Ol.O : ·._ .. ·0~015 · · _:. ·. J.;.D · , .. 0;019 . 0~0.30 . : 0;04i -. . J-A . 0·~0.30 ·. 0~045 .. · o~o6o . . 
K-o: ~ . . •, '0~010::;'~ .. 1 o;ou.·~. ·,<0~018 _· .- · K-D ·' - 0·~015 ,· . . 0~0.31· ,_-.. '0~·040 >. K-A , 0~0.3°5-' . 0~052 ,· . 0~065 
: u,-0 ::~:·-i·:·· 0·~010.·<\ o·~o:u..· .. :,,o·~:ois _·,.· · L-D _.· ·o~ois 0~0.32 · ·- 0;045 :~ -L-A . ·0~6.35 .' 0;060·. o·;oso .. 
. : M-Cf'.. ::~:- : ·~-:~o-~008 7:< ()'~012·:· -.:· o~Ol.7,· .. : . . ~M~lf .' -0~02) 0~0.36 ... 0~045 . . ··: M-A .0:'0~045' 0~080 .- :·:.o~·:ipq.·_ . .. ·. 
· N.:.O:\ .: . : ~o~oos . · ~~ o~oJJ.:···> 0~016 : : .. N~o . ·0~018 ; 0~0.30· ·; · .·0·~042 ,. · · N--A · ·. ·-o~o6o 0~110 : < 0~14cr :-_· : 
·:0~(-: .... _-_· .. :0.~005 .~- '.~:Q~~s.:.:~·-'; O~qlp·.· .. ·<·. , -~D · .. 0;615 . : O~O~ · .. ·.0~0.32 . :-_. · O-A : :)~;loo.·· 0~170 <:- 0~225 r. 
:. P-Q.-··<>·> .. '. 0~001 :· -: .. -:, 0~001 · . . o;OOl '. _: .. · P~D .. · 0;010 0.015 , ·0;019·_. - . P-A .- 0.180 . 0 • .300 . : .. 0.380 .· · ·. 
~F~· .- .·. <.·o~Ol5 .-\ .. 0~020:· . 0;028 ~ . I~ : .- 0;018 · 0~0.38 · . 0~05C>" . - · , . . .. . :. . . .. . · . . ·.· · .. : . 
:· J~P~: .:.:· .. ·_: ·. O~Ol2·.·  .. >o~Ol9 ·.·.·. ·0~02.3 ~ ·. - · ·. J~ .. .-._ 0~020 .~ ·o~0.38 ·_ ._. 0;050 :· .·_ Summation. of Pick Up· Points 
·. K-P .... ·.: __ .;<: ... 0~012 ·,} ·0~019 .- . 0;022 -~ -:: .. K~ :C 0~020 ·'0~040 .. · :... .· .0~050 ... . : ' .... ·.. . - -· .-.. ·. -·> ·. ·., · - ;. ·, . . ~ : . . · : -~ .: 
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A.C. VOLTMETER READING VALUES FOR~ SLOPE FOR 
A SQUARE SHAFT m TORSION 
Feed in Point Numbers Feed in Point Numbers Feed in Point Numbers 
Sauare d e t SgBare d e f Ssmare d e r 
H-P 0 0 0 H-M o.on 0.022 0.0.35 H-J 0.23 0.45 0.6.3 
G-P 0 o· 0 G-M o.o6o 0.100 0.170 G-J 0.50 Oo85 1.16 
F-P 0.002 0.004 OoOCfl F-M 0.090 0.170 0.260 F...J Oo.38 0.74 1.01 
E-P 0.002· 0~005 o.oos E-M o.no 0~190 0.300 IbJ o.2s 0.56 0080 
D-P 0.002 0~005 0.010 P-M 0.100 00180 0.200 D-J 0.26 Oo44. 0.63 
. C-P 0.002 0.005 0~010 · c~M 0.100 0.200 Oo'Z/0 C-J 0.20 0.37 Oo57 
B-P 0.005 ·0.010 ·o.01s. B-M 0 •. 100 0.170 o.26o B~J 0~19 0.3.3 0.48 
A-P o.oos 0~015 0.020 A-M o.oso 0.160 0~240 A-J o;l8 Oo.32 0.47 
H-0 . 0.001 0.001 0.002 H-L 0.040 0.065 0.100 H-I ilo40~: 2.20 3.00 
G-0 0.010 0~018 Oo0.30 G-L O~]JO . 0.220 Oo.350 G-I Oo78 l~.30 1~75 
F-0 0.020 0.040 0~06o ·F-L ·0~16o 0.200 0.400 F-I 0.47 0~82 1.19 
E-0. 0.020 0.040 0.070 ·E-L OolSO 00280 0.400 E-I. 0 • .36 0.65 0.90 
D-0 0.020 0.045 0~080 D-L 0.170 0.290 0.420 D-I 0/Zl 0~48 0.70 
C-0 0~920 0.045 o.oso C-L o.16o . 0.280 0.400 C-I Oo2l5 0 • .38 0.58 
B-0 0.030 0.050 . Oo085 B-L 0.150 0.240 0.370 B-I 0.195 0 • .345 0.50 
A-0 0.020 0.060 0.090 A-L 0.120 0.220 0 • .340 A-I 0.19 0 • .33 0.48 
H-N 0.005 0.010 0.015 H-K 0.080 0.170 0.260 
G-N 00025 0.040 00080 G-K 0~26o ·Oo420 Oo620 
F-N o~o;o 0~050 0~120 F-K ·0 • .300 0.500 o.7'JJJ · Summation of Pick Up Points 
E-N 0.050 0.100 Ool70 E-K 0.230 00440 o.6tJJ 
D-N 00060 0.110 . 0.180 . D-K 0.220 00300 00580 ' d e f 
C-N Oo06o 0~110 0.190 C-K 0.200 0~310 0.500 100.2.3 174.40 253.00 
B-N 0~060 0.100 0.170 B-K 0.170 00310 0.440 




VOLTMETER READINGS FOR DETERMINING THE VOLUME OF THE VOLTAGE FUN_aTION 63 
FOR SQUARE SHAFr USING A 2 INCH INPUT GRID AND A 2 INCH PICK UP POINT GRID 
Input _Pick up Voltmeter Input Pick up Voltmeter ~put Pick up Voltmeter 
Point • · Point AoCo Point Point AoCo Point Point Ao Co 
9-2 10-l 606 9-4 12-1 loO 9-8 14-5 Oo53 
It 12-1 .3o9 
" 
14-1 008 It 16-5 0.46 
tt ]4-1 2.9 It 16-7 o.s 
" 
10-7 2.2 
ft 16-1 2.6 9-6 10-1 loO tt 12-7 0080 
ft 10-3 4 • .3 It 12-1 1.45 tt 14-7 0.4 
" 
12-3 3~3 tt . 14-1 1.45 · ft 16-7 0 • .31 
" 14-3 2.6 " 16-1 lo4 11-2 10-l llo4 tt 16-3 2.3 
" 
10-.3 1.4 It 12-1 13.1 
" 




12-5 1.9 tt 14-.3 1.50 It 16-1 CJ3~7 
tt 14-5 1.s· tt 16-3 1.35 tt 10-3 rJ3.7 
tt 16-5 1.7 " 10-5 3.6 " 12-3 lloO ft 10-7 0.68 tt 12-5 2.0 II 14-.3 ~.6 
tt · 12-7 0.95 " 14-5 1 • .35 " 16-.3 <f/.8 
" 
lA-7 0.95 tt 10-5 lo2 " 10-5 o'307 tt 16-7 o.ss ti 10-7 .3.2 ft 12-5 o5.s 
9-4 10-1 . 2.2 It 12-7 1.5 tt 14-5 0508 . 
" 12-1 2.4 tt 14-7 Oo9 " 16-,;5 05°4 tt 14-1 2.1 
" 
16-7 Oo84 . tt 10-7 1.6 
tt 
· 16-2 2o0 9-8 10-1 0.28 tt 12-7 2.5 
tt 10-.3 .3o5 tt 12-1 Oo45 
" 
14-7 2.s 
tt 12-.3 · 2 • .3 tt ;;· 14-1 ·0.51 It 16-7 2.6 
It 14-.3 . 2.0 · " 16-1 0.50 11-4 10-l . 5.0 
. tt 16-3 1.8 
" 
10-3 Oo.38 tt 12-1. 6.4 
" 10-5 .3.4 n 12-.3 Oo52 tt 14-1 7.2 tt 12-5 2.0 tt 14-3 0·52 tt 16-1 · 6.8 
" 
14-5 1.6 tt 16-.3 Oo50 
" 
10-.3 . 6.5 
It 16-5 1.4 tt 10-5 . Oo78 
" 
12-.3 8.8 . 
tt 10-7 1.0 It 12-5 Oo70 tt 14-3 7ol 
64 
Input Eick up Voltmeter Input Pick Up Voltmeter Input Pick up Voltmeter 
Point Point AoCo Point Point AoCo Point Point A.C. 
11-4 16-3 6.3 11-8 10-5 lol5 . 13-4 12-5 9o4 
" 
10-5 · 603 tt 12-5 lo75 " 14-5 llo8 tt 12~5 7.s tt 14-5 loJ.4 t1 16-5 lOol 
" 14-5 508 " 16-5 lo30 ti 10-7 2.1 11 16-5 5ol · tt 10-7 2o5 n 12-7 4o2 




12-7 3o2 tt 14-7 lo3 n 16-7 5o0 
It 14-7 3.0 '° 16-7 0~9 1.3-6 10-1 2.7 n 16-7 2.6 13-2 10-1 7o4 " 12-1 5o0 11-6 10-1 2o4 tt 12-1 16.9 
" 
14-1 6.4 
ft 12-1 .3o25 
" 
14-1 2008 tt 16-1 607 
tt :U,.-1 4.15 ti 16-1 17o7 tt 10-.3 2o9 
n 16-1 4o2 tt 10-3 6.4 tt 12-3 5o7 
tt 10-3 2~8 n 12-.3 13~0 II 14-.3 7.0 
" . 12-3 4.4 · n l4-3 16.0 It 16-3 7.1 




10-5 308 ft 12-5 706 









12-7 3o4 tt 14.7 7.0 
It 12-7 5o5 tt 14-7 •,:4 • .3 . " 16-7 5o2 
" 
· J.4-7 .3~0 " 16-7 -~-·408 1.3-8 10-1 o.ss tt 16-7 2.4 13-4 10-1 :)5o0 tt 12-1 lo.3 
11-8 10-1· Oo71. It 12-1 ;:908 It 14-1 108 
tt 12-1 · l~O tt 14-1 12.0 It 16-1 1.9 





n 16-1 1.2 tt 10-.3 05o0 tt 12-.3 . lo5 
" 10-.3 Oo85 ti 12-3 11 " 14-3 .1.95 tt 12-3 lol " 14-.3 ]J~l It 16-.3 2o0 . tt 14-3 1.25 tt 16-3 12.0 
" 
10-5 1.10 
n 16-.3 1.25 " 10-5 -~i4~0· 11 12-5 2o0 
·65 
Input Pick up Voltmeter Input Pick up Voltmeter Input Pick up Voltmeter 
Point Point A.C. Point Point A.Co Point Point A.C. 
13-8 14-5 2o50 15-4 14-5 . 1306. 15-8 14-5 306 
" 





" 10-7 lo08 " 10-7 J.1.80 .tt 10-7 Oo74 tt 12-7 3.15 ft 12-7 4.0 
" 
12-7 108 
II l.4-7 J.8 · " 14-7 6.45 tt 14-7 5ol II 16-7 2o4 w 16-7 1.w n 16-7 708 
15-2 10-1 5.80 16-6 10-1 2605 
tt 12-1 12.6 tt 12-1 5.5 
tt 14-1 23.5 tt 14-1 7.9 
tt 16-1 32.5 
" 
16-1 8.8 Summation of Pick Up Points 
" 
10-3 5o30 " 10-3 2o6o n 12-3 ll.7 tt 12-.3 5~7 10-1 ------- 59.52 
tt 14-3 19.3 tt 14-3 807 12-1 ------------ 94.25 
n 16-3 25.0 
" 
16-3 ll0;-0 14-1 ------------118.91 
n 10-5 3~6; .. 10-5 2 • .35 16-1 ----------- 126.90 
n 12-5 7180 " 12-5 5.6o 10-3 ------ 56082 n 14-5 11.5 · n l4-5 l.Oo9 12-3 ------ 93.07 
. tt 16-5 13.0 " 16-5 il4.5 14-3 ·----------- ll2o57 tt 10-7 1.85 .. 10-7 1.50 16-3 ------ 120.05 
tt 12-7 3~80 tt 12-7 ('3.75 10-; -------- 48.06 
" 14-7 5o40 " 34-7 Js.5 · 12-5 -------~--- 78005 
" 
16-7 5o9 tt 16-7 l2o0 14-5 --------- 95008 
15-4 10-1 4.5 15-8 10-1 . 0.100 . ·16-5 ------ 98.66 
tt 
· 12-1 9~6 " 12-1 1.8 10-7 -------- 31.05 tt 14-1 14.-5 n 14-1 . 2.6 12-7 ------------ 49.05 
tt 16-1 · 16.9 tt 16-1 2o9 14-7 ------- ss.90 
tt 10-.3 .4.2 . 
" 
10-3 1.05 16-7 ------- 62.03 
ti 12-.3 9~6 
" 
12-.3 1~9 
" 14-3 15.8 tt 14-3 2.s 
" 
16-3 20.3 tt 16-3 3.2 
" 
10-5 .3 • .3 ti 10-5 1.03 
ti 12-5 7.6 tt 12-5 2.1 
00 
VOLTMETER READINGS FOR DErERMINING THE VOI1JME OF '!HE VOLTAGE FUNCTIOO . 
FOR SQUARE SHAFI' USING A 1 INCH INPUT GRID AND A 2 mCH PICK UP POINT GRID 
Input . . Pick Up Voltmeter Input Pick Up Voltmeter Input Pick Up Voltmeter 
Point Point A.C. Point Point· AoCo Point Point A2C. 
A-I 10-1 208 A,:,J 14-7 2.5 A-L 10-7 1.0 
tt 12-1 606 n 16-7 208 ~ 12-7 1.7 
tt 14-1 13.0 A-K 10-1 3o4 t1 14-7 108 
tt 16-1 20o0 tt 12-1 8~8 tt 16-7 lo9 
tt 10-3 2o4. 
" 14-1 l3o0 A-M 10-1 5o2 It 12-3 5.9 tt 16-1 10';6 tt 12-1 10.8 
tt 14-3 10~2 tt 10-.3 .3ol It 14-1 6.6 
" 
16-.3 13.0 tt 12-3 6.6 tt 16-1 5.7 







n 14-5. 6.1 n 10-5 2o0 
" 
14-3 5.5 




10-7 0.90 n 14-5 5.1 It 10-5 1.9 
ti 12-7 1~80 It 16-5 5.2 
" 
12-5 .3o2 
ff lJ+-7 2.8 " 10-7 0.90 tt 14-5 .3~4· tt 16-7 ..3.0 tt 12-7 1.7 tt 16-5 3o4 
A-J 10-1 3.0 tf 14-7 2.25 tt 10-7 0.90 
" 
12-1 7~2 ti 16-7 2.50 ti 12-7 1.4 
" 14-1 14~1 A-L 10-1 4.5 .. 14-7 1.6 
n 16-1 ~s " 12-1 7.9 tf 16-7 1.5 tt 10-3· 2.-7 
" 
14-1 9.5 A-N 10-1 7.a 
tt 12-.3 . 6~2 tt 16-1 708 tt 12-1 6.o 
" 
14-.3 10~2 It 10-3 .3o4 n 14-1 4.15 
" 
16-3 n.5 tt 12-.3 7o0 tt 16-1 ' 3.3 
n 10-5 1.9 tt 14-3 7.40 1t 10-.3 · 4.1 
" 12-5 4~0 n 16-3 6.4 " 12-3 .4.6 It 14-5 5.7 ti 10-5 2.0 tt 14-.3 .3.65 · 
tt 16-5 6.3 tt 12-5 .3.6 ti 16-.3 2 • .3 
tt 10-7 1.0 tt 14-5 4.45 tt 10-5 1.6 
tt 12-7 1.8 
" 
16-5 4 • .3 tt 12-5 1.1 
s1 ·· 
Input Pick up Y.oltmeter Input Pick up Voltmeter Input Pick up Voltmeter 
Point Point A.C. Point Point Ao Co Point Point A.C. 
A-N 14-5 2.4 A-P 16-5. Oo55 B-J 10-7 loO 
ti 16-5 · 2.3 ti 10-7 0.20 n 12-7 lo8 
ti 10-7 0.79 " 12-7 Oo30 .It 14-7 .3.s 
tt 12-7 1.1 -n 14-7 Oo.30 n 16-7 .3.0 
n 14-7 1.2 · n 16-7 Oo30 B-K 10-1 3.2 
n 16-7 lol B-I 10-1 208 It 12-1 7.1 
A-0 10-1 7.4 tt 12-1 6.3 It 14-1 10.0 
tt 12-l 3o5 tt 14-1 llo2 tt 16-1 9.6 
" 
14-1 2 • .35 
" 
16-1 U.oO n 10-.3 2.9 
It 16-1 2ol 
" 
10-3 2.5 tt 12-3 6.6 
It 10-.3 3o2 tt 12-3 506 
" 
14-3 10o3 
n 12"".'3 2~6 n 14-3 10.1 tt 16-3 s.2 
n 14-3 2o0 tt 16-3 U.o5 It 10-5 lo85 
" 
16-3 1.85 n 10-5 1.8 It 12-5 4.0 
" 
10-5 lo2 It 12-5 .308 
" 
14-5 5.7 
" 12-5 1~6 " 14-5 6~3 n 16-5 606 
" 




10-7 1.0 tt 12-7 106 
tt 10-7 0~51 n 12-7 2~0 tt 14-7 2.4· 
n 12-7 .0.68 n 14-7 2~8 tt 16-7 206 
n l.4-7 0.75 " 16-7 .3.4 B-L 10-1 .3~80 n 16-7 0.75 B-J 10-1 208 n 12-1 7.9 
A-P 10-1 2.4 tt 12-1 6.4 tt 14-1 s.15 
n 12-1 1.2 n 14-1 11.4 n 16-1 7o2. 
n :U.-1 0~94 . " . 16-1 12.1 tt 16-3 3.10 




10-3 · 1.2 ft 12-.3 5o9 ft 14-3 7 • .3 
n 12-3 1~05 ft 14-.3 11.0 
" 
16-3' 6~2 
ft 14-3 Oo84 n 16-3 ll~6 
" 
10-5 · 2ol5 
ti 16-3 Oo65 " 10-5 1.9 " 12-5 ·4o00 
" 
10-5 0.5.3 " 12-5 4.0 " 14-5 4.35 · 
" 12-5 Oo63 tt JA-5 602 ti 16-5 4.25 II 14-5 0.58 It 16-5 6.8 II 10-7 1.0 
6§ ·. 
Input Pick Up Voltmeter Input Pick Up Voltmeter Input Pick Up Voltmeter 
Point Point AoCo . Point Point Ao Co Point Point AoCo 
B-L 12-7 . lo7 B-N 16-7 lol C-I 12-1 0.53 
" 
. ll+-7 2.0 B-0 10-1 .3~9 tt 14-1 Oo85 
n 16-7 2.25 n 12-1 .3.1 n 16-1 10.6 
B-M 10-1 4.4 It 14-1 2.4 n 10-3 2.1 
" 
12-1 7~5 " 16-1 2~1 tt 12-.3 5.2 








10-3 J.8 n 14-3 2o2 It 10-5 1.6 
" 
12-3 7.5 tt 16-5 1.0 tt 12-5 4.0 
" 14-3 5.4 n 10-5 . 1~5 n 14-5 6.9 




. 14-5 1~5 n 10-7 1.0 
n 12-5 Jo4 tt 16-5 1.4 .. 12-7 2.0 
tt 14-5 3.4 · n 10-7 0.59 tt 14-7 3.0 
n 16-5 3.4 tt 12-7 o.s.3 n 16-7 1.4 
tt 10-7 0~90 
" 
u.:.1 0.82 ~ 10-1 2.5 
It 12-7 1~5 n 16-7 0.75 t1 12-l 5.4 
" 14-7 1.5 B-P 10-1 1~70 tt 14-1 8~5. n 16-7 1.6 tt 12-1 1~20 n 16-1 9.6 
B-N 10-1 ·4.9 n 14-1 0~98 
" 
10-.3 2.3 
tt 12-1 5.1 " 16-1 0.88 tt 12-.3 5~4 n 14-1 .39 t1 10-.3 ~~45 . It 14-3 10.0 
" 
.16-1 35 II 12-J :.:.1~10 II 16-3 10.5 
" 
10-.3. 5 •. 7 n 14-.3 0~88 ft . 10-5 1.7 





. " 16-.3 3.1 ti 12-5 0.71 n 16-5 · 7.s 
" 
10-5 2.0 ti 14-5 0.64 tt 10-7 . 0.90 
" 
12-5 2.5 ti 16-5 0.57 
" 
12-7 2.0 









16-7 0 • .31 n 12-1 5.8 . 
" 14-7 1.1 C-I 10-1 0.22 " 14-1 7.6 
69. 
Input Pick .Up Voltmeter Input Pick Upt V.2).tmeter Input Pick Up Voltmeter 
Point Point AoCo . Point Point A.C. Point Point Ao Co 
C-K 16-1 7o7 C-M 10-3 3o5 C-0 12-3 2o-5 
" 




14-.3 5o0 it 16-.3 lo7 
tt 14-3 9~0 tt 16-3 4~4 tt 10-5 2o3 
" 
16-3 7.5 tt 10-5 2~5 tt 12-5 lo9 
" 
10-5 2~0 tt 12-5 4.0 
" 
14-5 lo4 
tt 12-; 4o4 tt . 14-5 · 3.5 tt 16-5 lo2 
ff 14-5 5~9 tt 16-5 3.1 tt 10-7 0.77 
" 
16-5 5~4 n 10-7 1.0 tt 12-7 0.92 
" 
10-7 1~05 tt 12-7 108 n U.-7 Oo83 
tt 12-7 2;0 tt 14-7 1.8 tt 16-7 0.77 
It 14-7 2~3 ft 16-7 1~6 0-P 10-1 0.90 
so 16-7 2.7 · · C-N 10-1 3~01 tt 12-1 Oo8.3 
C·L. 10-1 2.9 · tt 12-1 3~9 · 
" 
14-1 0.69 
n 12-1 5~7 n J.4-l 3~4 n 16-1 0.63 
. " 14-1 6~2 .tt 16-1 3~2 tt 10-3 lo2 
" 
16-1 6.1 .. 10-3 4~3 n 12-3 o.s1 
tt 10-3 2~9 " 12-3 4~3 tt 14-3 0.62 tt 12-3 6~9 n 14-3. 3o2 n 16-.3 0.58 
" :U.-3 6;6 n 16-3 3~0. It 10..;5. Oo82 . tt 16-3 5~8 tt 10.;..5 2o7 tt 12-5 0.61 
n 10-5 2~25 
" 
12-5 3~1 . tt 14-5 0.50 . 
" 
.12-5 4.7 tt l4-5 · 2~5 n 16-5 Oo46 
" U.~5 . 5o9 n 16-5 2~.2- tt. 10-7 o~~ tt 16-5 . 4.4 tt 10-7 0.90 tt 12-7 0~31 
" 10-7 lol tt 12-7 1~2 tt 14-7 o;Z? n 
. 12-7 1~9 tt 14-7 lo2 n 16-7 · Oo25 
n 14-7 2~2 tt 16-7 1~2 D-I 10-l Oo20 
n 
· 16-7 2~4 c-o 10-1 2o3 
" 
12-1 4o2 
C-M 10-1 3~0 tt 12-1 2o5 tt 14-1 . . 606 . 
tt 12-1 5~2 " 14-1 2~1 tt . 16-1 708 
" JJ+-1 5ol tt 16-1 1~9 . 11 10-.3 2o0 n l~l · 4.7· tt 10-3 4o2 
" 
12-3 4o2 
Input Pick Up Voltmeter Input Pick Up Voltmeter Input Pick Up Voltmeter ·10 
P.o1nt Point AoCo · Point Point A.C. Point Point A.C. 
D-I 14-3 . 7o2 D-K 16-3 . 508 D-M 10-5 3.0 





" 10-5 1.6 tt 12-5 4.7 tt 14-5 3.4 n 12-5 .3.6. 
" 
14-5 708 II 16-5 2o9 
tt 14-5 7o2 " 16-5 5o7 n 10-7 lo4 
" 






12-7 2.2 tt ll+-7 1.8 




16-7 .3.1 D-N 10-1 2.0 
" 16-7 4.3 D-L 10-1 2o4 " 12-1 208 D-J 10-1 2.0 tt 12-1 4ol " 14-1 2o.7 
" 
12-1 4 • .3 
" 
. 14-1 4.9 " 16-1 206 tt 14-1 6.5 It 16-1 4o9 " 10-3 208 n 16-1 7.2 · tt 10-3 2.6 tt 12.3 3.2 
tt 10-3 lo9 
" 12-3 5.0 " 14-3 2o7 
" 
12-.3 4.4 tt ]4-3 5.3 n 16-3 2.4 
" 
14-3 7.1 It 16-3 4.s It 10-5 4.3 
ti 16-3 Sol 
" 
10-5 2o3 tt 12-5 3.3-
tt 10-5 1.6 
" 12-5 6.6 ti l4-5 2o3 
" 
12-5 J~S II 14-5 5o2 tt 16-5 2o0 
tt 14-5 8.60 tt 16-5 4.1 tt 10-7 1.2 
n 16-5 Sol tt 10-7 1.2 . tt 12-7 1.5 
" 
10-7 1.0 n 12-7 2.5 n . 14-7 lo2 
II 12-7· 2o·2 " J.4-7 lo9 ... 16-7 1.1 tt l.4-7 . 3o50 tt 16-7 2.4 D-0 10-1 . lo4 
" 
16-7 .4.2 . D-M 10-1 2.1 tt 12-1 1.8 
D-K 10-l 2.2 ti 12-1 3.5 II 14-1· 1.7 
" 
12-1 4.2 It 14-1 .3~7 tt 16-1 . lo6 




10-3 2.6 tt 12-3 2o0· · 




14-3 3.s· " 16-3 1.5 





Input Pick Up Voltmeter Input Pick Up Voltmeter Input Pick Up Voltmeter 
Point . Point A.C. · Point Point .AoCo Point Point Ao Co 
D-0 . 12-5 . 2.0 E-I 16-5 . 10.5 E-K 10-7 1.0 
n 14-5 1.4 
" 
10-7 0~90 tt 12-7 206 
n 16-5 1.2 
" 
12-7 2o0 tt 14-7 3.6 
" 
10-7 lolO tt J.4-7 .'.:4~0 It 16-7 3.0 
" 
12-7 loO n 16-7 ;:.6·;o E-L 10-1 1.6 
" 
14-7 o.s5 E-J 10-1 106 tt 12-1 2o85 
It 16-7 0.75 n 12-1 .3.2 n 14-1 .3.6 
D-P 10-1 0.76 
" 14-1 4.7 tt 16-1 3.6 n 12-1 Oo85 
" 
16-1 5.0. tt 10-3 1.7 
" 
14-1 0.78 tt 10-3 1.5 " 12-3 .3.05 It 16-1 0~73 
" 
12-3 3.4 ti 14-3 .308 
tt 10-3 lol " . 14-3 5.1 ti 16-3 3.6 
tt 12-3 0.90 tt 16-3 5.4 .. 10-5 2.0 
" 
14-3 0.75 tt 10-5 1.4 
" 12-5 5.6 tt 16-3 0.67 tt 12-5 3.3 tt . 14-5 4.4 




12-5 0~78 n 16-5 7.1 tt 10-7 lo,3 
" 
14-5 0.61 n 10-7 1.0 
" 
12-7 3.0. 
" 16-5 0.55 tt 12-7 2.2 tt 14-7 2.7 ti 10-7 0.52 ti l.4-7 4.4 ti 16-7 2o3 
tt 12-7 0.45 
" 
16-7 4.4 E-M 10-1 1.4 
" 
14-7 0.35 E-K 10-l . 1.5 . " 12-1 2.4 
ti 
· 16-7 0.31 tt 12-1 3.2 
" 14-1 2o7 E-I 10-1 1.6 
" 14-1 . 4.1 .. 16-1 208 tt 12-1 3.1 
" 
16-1 4.4 tt 10-3 . 1.7 
tt 14-1 · 4.8 n 10-3 1.7 
" 
12-3 2.9 
n 16-1 5.3 ti 12-3 3.4 tt 14-3 · 2.85 
" 
10-3 1.6 tt 14-3 4.6 tt 16-3 . 2.s 
n 12-3 3.3 tt 16-.3 4.6 tt 10-5 . 2.7 
" 
14-3 · 5.2 " 10-5 1.6 " 12-5 4.9 .. 
" 16-.3 6.2 tt 12-5 4.2 " 14-5 2.9 ft 10-5 1.2 n 14-5 6.6 n 16-7 2.4 
tt 12-5 3.2 tt 16-5 5.0 tt 10-7 1.7 
tt 14-5 6.o It 12-7 2.6 
72 ·. 
.Input Pick Up Voltmeter Input Pick Up Voltmeter Input Pick Up Voltmeter 
Point· Point Ao Co Point Point . A.G. Point Point AoCo 
E-M 14-7 · 1.8 E-P 10-1 0.5.3 F-J 14-1 2o9 






12-1 1.9 .. 16-1 0.63 n 12-3 2~2 
tt 14-1 2ol It 10-3 0.75 n 14-3 .3~2 
" 
16-1 2.1 It 12-3 0.73 tt 16-3 3o4 
tt 10-3 1.65 tt 14-3 0~65 It 10-5 l~l 
tt i2-3 2.3 " 16-3 0.61 It 12-3 2~.3 
" 
14-.3 2.2 " 10-5 1.35 " 14-5 4o2 







" 12-5 .3o2 " 16-5 0.52 " 12-7 1~8 
" 14-5 2~05 tt 10-7 o.s2 tt 14-7 "5.8 







tt 14-7 1.2 t-I 10-1 lo2 tt 14-1 208 
" 











n 16-1 1.2 It 12-3 . 2.4 n 16-3 .3o3 
n 
· 10-3 1.2 It 14-.3 306 tt_ 10-5 1.2 




14-3 1~2 . It 10-5 l~l It 14-5 4.0 







" 12-5 1.6 It 16-5 6.4 n 12-7 . 2.6 
" 
14-5 1.15 tt 10-7 0.70 
" 
14.;.7 ·4.6 
It 16-5 1~08 " 12-7 1.7 n 16-7 .3.0 n 10-7 1.65 
" 
14-7 4~25 F-L 10-1 1.0 
" 




14-7 0.76 F-J 10-l 1.18 
" 
14-1 2.4 




Input Pick Up Voltmeter Input Pick Up Voltmeter Input Pick Up Voltmeter 
Point · Point A~Co Point Point · AoCo Point Point A.C. 
F-L 10-3 1.2 F-N 12-.3 lo4 F-P 14-3 0.34 
tt 12-3 2o0 ft 14-3 lo5 tt 16-3 0.34 
n :14-3 2.6 n 16-3 1.45 It 10-5 o.68 
" 
16-3 2.6 tt 10-5 2.05 
" 
12-5 0.46 
" 10-5 lo4 " 12-5 2~2 " 14-5 0.32 n 12-5 3.1 It 14-5 106 n 16-5 0.30 






10-7 3o2 . n 12-7 Oo39 
" 
10-7 lo2 n 12-7 2.4 
" 14-7 0.24 It 12-7 4o2 ti 14-7 lol It 16-7 0.20 
" 
lJ+-7 2~8 ti · 16-7 0.95 G-I 10-1 0.73 
n 16-7 2.1 F-0 · 10-1 Oo67 
" 
12-1 1.2 
F-M 10-1 loO 
" 
12-1 1.08 n 14-1 1.8 
tt 12-1 1.6 tt 14-1 1.0 tt 16-1 2.0 





tt 16-1 lo9 tt 10-3 0~84 ti 12-3 1.25 
·n 10-.3 1~2 tt 12-3 loos · n :14-3 1.95 
" 12-3 1.8 " 14-3 loO n 16-3 2.15 
" 14-.3 .2~0 tt 16-3 0.94 " 10-5 o.68 
" 
16-3 1.9 tt 10-5 1.8 
" 12-5 lo4 




14-5 0.95 n 16-5 3.1 
It 14-5 2o2 
" 
16-5 0.84 n 10-7 0.50 
tt 16-5" lo.9 tt 10-7 .3.2 tt 12-7 1.1 
It l1J-7 2a . n 12-7 1.6 
" 
14-7 3.1 
.ti 12-7 3.8 It 14-7 o.68 n 16-7 508 
tt 
"14-7 106 tt 16-7 0.53 G-J 10-1 · Oo71 
tt 16-7 1.2 F-P 10-1 0~25 tt 12-l · lo2 
F-N 10-1 9.2 tt 12-1 0.33 n 14-1 ·lo6 
n 12-1 1 • .3 tt 14-1 Oo35 n 16-1 1.8· · 
" 
14-1 lo4 " 16-1 0~35 n 10-3 0.70 tt 16-1 1.45 tt 10-3 0 • .32 
" 
12-3 1.3 




Input Pick .Up Voltmetar . Input Pick Up Voltmeter Inptit Pick Up Voltmeter 
Point · Point Ao Co Point Point AoC·o Point Point Ao Co 
G-J 16-3. 2.0 G-L 10-5 Oo98 G-N 12-5 lo2 
" 
10-5 0~74 · n 12-5 lo7 tt 14-5 lo05 
n 12-5 lo4 . tt 14-5 106 
" 
16-5 0~91 
" l4-5 2o4 " 16-5 106 
tt 10-7 2~65 
IO 16-5 2~s·· 
" 
10-7 1~05 ta 12-7 1~8 
~ 10-7 0~54 n 12-7 . .3o2 tt ll+-7 0086 
tt 12-7 loJ ~ 14-7 2o2 tt 16-7 0~6.3 
tt 14-7 3~8 n 16-7 1~4 · G-0 10-1 Oo35 
n 16-7 .3.s G-M 10-1 6~0 tt 12-1 Oo5.3 
G-K 10-1 0~73 " 12-1 l~O n 14-1 .0~57 
" 
12-1 1.0 n 14-1 l~O 
" 
16-1 0~58 
w 14-1 lo 5. n 16-1 lol 
" 
10-3 0~45 
n 16-1 1.6· n 10-.3 0~72 
" 
12-3 0~58 
ca 10-3 0~72 
" 
12-3 · lol3 n 14~.3 . Oo6o 
· n 12-.3 1~2 · 11 14-3 1~2 tt 16-3 0.57 
". 14-.3 l.~8 . " . 16-3 1~1 n 10-5 o.s5 
n 16-3 1.7· 
" 
10~5 lo05 tt 12-5 0~80 
n 
~5 OoSO It 12-5 lo5 
" 
J.4-5 0060 




16-5 1~2 n 10-7 ' 2.75 
n 16-; 2~2 " 10-7 1.6 . tt 12-7 Oo96 
n 
.10-7 0;71 tt 12-7 .3~0 n 14-7 Oo45 
" 12-7. l~.9 tt 'JA.-7 1~2· 
n 16-7 0 • .34 
tO 14-7 . 306 ff . 16-7 'Oo94 G-P 10-1 0~-15 
ct 16-7 . 2~2· · G-N 10-1 0.56 H 12-1 .0.21 
G-L 10-1 0~70 " 12-1 0~85 n 14-1 · 0~22 tt 12-1 lo2 
" 
14-1 0~95 tt 16-1 0~22 
tt 14-1 lo.3 tt 16-1 0~94 .. 10-3 0~18 
" 
16-1 1~4 w ·10-.3 0~62 " 12-.3 . · 0~23 . tt 10-.3 0~77 ·n 12-.3 0~96 tt . 14-.3 0.22 
n 12-.3 1~3 tt 14-3 1~00 n 16-.3 Oo2l 
" 14-.3 lo5 tt 16-.3 0~95 tt 10-5 Oo36 
" 16-3 lo55 ft 10-5 lol It 12-5 0.30 
75. 
Input Pick Up Voltmeter . Input Pick Up Voltmeter Input Pick Up Voltmeter 
Point . Point AoCo Point Point AoC·o Point Point A,,C,, 
G-P 14-5 Oo22 , H-J 16-5 0088 H-L 10-7 0.34 
n 16-5 0~20 . It 10-7 0.20 n 12-7 0.87 
n 10-7 0~85 n 12-7 Oo50 
" 
14-7 0.71 




16-7 1.2 H-M 10-1 0.21 
n 16-7 Ool2 H-K 10-1 Oo24 
" 
12-1 Oo35 
H-I 10-1 Oo22 n 12-1 Oo42 
" 
14 .. ;i Oo40 
n 12-1 Oo4l. n ]4-1 0.54 
" 
16-1 0.42 




10-3 0.25 tt 12-.3 Oo38 
n 10-3 0~21. 
" 12-3 0.46 ti 14-3 Oo45 n 12-3 0.44 n lJ ... -3 0.58 
" 
16-3 Oo45 
tt 14-3 Oo62 n 16-3 0061 .. 10~5 0.37 
n 16-3 Oo~9 
" 
10-5 OoZ'/ tt 12-5 Oo56 
tt 10-5 0.71 ·tt 12-5 0.55 tt 14-5 Oo51 
n. 12-5 0.o47 
. " l.4-5 Oo72 " 16-5 Oo46 tt 14-5 0.76 tt 16-5 0.75 tt 10-7 o.66 
·" 
16-5 Oo93 It 10-1 0.26 n 12-7 1.05 




14-7 lol tt 16-7 0.36 
tt 14-7 loO n 16-7 . Oo79 'H-N 10-1 0.19 
" 
.16-7 1~6 H-L 10-1 Oo2l It 12-1 Oo30 
H-J 10 .... 1 0~23 
" 
12-1 Oo.36 tt 14-1 Oo.32 
n 12-1 . Oo42 tt 14-1 Oo44 tt 16-1 Oo.34 
tt 14-1 . 0057· tt 16-1 Oo47 n 10-3 0.21 
. tt 16-1 Oo61 tt 10-3 Oo22 
" 
12-3 · Oo32 
tt 10-3 0.24 n 12-3 0.39 n 14-3 . 0~35 
n 12-3 0~45 n 14-3 0.48 tt 16-3 .0.33 








10-5 Oo24 It 12-5 0.52 n 14-5 0 • .37 





" 14-5 0.79 " 16-5 o.~4 " 10-7 Oo90 
15 
Input . Pick Up Voltmeter · Input Pick Up Voltmeter 
Point Point A.C. Point Point Ao Co 
H-N 12-7 0.74 H-P 14-7 .07 
" 14-7 0.33 " 16-7 .05 
" 16-7 0.2.4 H-0 10-1 0.13 
" 
12-1 0.20 
tt 14-1 0.21 





tt 14-3 0.23 SUMMATION OF PICK UP POINTS 
n 16-3 00205· 
" 10-5 0.31 10-1 ------------- 122.30 
.. 12-5 0~.30 12-1 ------------- 197.41 
" 14-5 0.22 14-1 ------------- 244~1) n 16-5 0.20 16-1 ------------- 253.47 
.n 10-7 · 0~85 10-3 ------------- ll.6.JO n 12-7 0~38 12-3 --------- 193.00 n 14-7 0.17 14-3 ---------- 235~87 It 16-7 0.12 16-3 -------- 242.08 
H-P 10-1 0~05 10-5 ------------- 99.57 It 12-1 0.09 12-5 ------------- 161.63 
" 
·14-1 0.09 
~-5 --------- 195.85 
It 16-1· 0.09 16-5 ------------- 212.52 n 10-3 · 0.07 10-7 ------------- 65.99 n 12-.3 0.10 12-7 ------- _99.74 
ti l4-3 0.09 14-7 --------- 119.24 
tt 16-3 o.os 16-7 ---~--------- 125.55 tt 10-5 0~15 
tt 12-5 0.14 
" 
14-5 0.10 
n 16-5 Oo08 • 
tt 10-7 0.39 
" 12-7 0.15 
. GRID SYSTEM FOR CIRCULAR .SHAFT WITH KEYWAY . 
IN TORSION 
19 to 21 
H I 15 
10 II 12 . . 13 ,.,. 
B . A 
3 1 
....,._ ___________ ,a" ·---------------.-~ 
. ,, 
NOTE: o., t, C MEAS UR[D AT fo" INCREMENTS . FROM GROUNDED :-EPGE · 
VOLTMEI'ER READINGS FOR DETEBMINING THE VOWME OF THE VOLTAGE 
78. 
FUNCTIONAL FCR CIRCULAR SHAFI' WITH CIRCULAR KEYWAY 
WITH A 2-INCH INPUT GRID AND A 2-INCH PICKUP GRID 
Input Piok Up Voltmeter Input Pick Up Voltmeter Input Pick Up Voltmeter 
Point Point A.C. Point Point A.C. Point Point A.Co 
A 1 s.7 tt 10 7.1 






3 1.6 " 12 6.1 tt 21 0.85. n 4 0.5 tt 13 3.2 D l 1.5 
tt 5 0.45 tt 14 1.2 tt :-~2 .3.8 
It 6 O.'Z'/ tr - 15 1.6 ft .3 a.6 






8 1.2 tt 17 o.s It 5 6.o 
" . 9 1.9 " 18 lo) " 6 2.s tt 10 2.s tt 19 1.7 
" 
7 6.1 
tt ll .3.9 tt 20 1.6 tt 8 5.6 
. " 12 5.4 n 21 1.2 It 9 4.2 
tt l3 5.6 0 1 4.3 " 10 2.9 tt 14 2.2 ti 2 ll.C " 11 2.0 tt 15 1.9 tt 3 11.4 " 12 1.3 tt 16 0.43 tt 4 2.9 n 13 0.70 
ti 17 0.35 " 5 2.5 " l4 0.25 n 18 0.62 tt 6 1.4 " 15 0.42 ft 19 0'~92 rt 7 . 4~0 .. 16 2.2 
" 
20 1.40 " 8 7.2 tt 17 0.90 ft 21 . 0.85 n 9 9.4 
" 
18 1.1 
B l s.7 
" 




11 5~4 tt 20 · 0.69 
" 
3 4.4 tt 12 3.3 It 21 · · 0.35 
" 
4 1.3 tt 13 1.7 E 1 0.16. 
tt 5 1.2 tt l4 0~63 tt 2 0.38 
tt 6 0.63 
" 
15 1.02 tt 3 0.84 




8 3.1 " 17 · 1.3 " 5 2.0 tt 9 4.9 
" 
18 1.9 " 6 o.6o 
79 ·· 
Input Pick Up Voltmeter Input Pick Up Voltmeter Input Pick Up Voltmeter 
-Point. Point AoOo ·Point Point . A.O. Point Point A.O. 
E 7 0.69 F 19 0.19 H 10 7.3 
ft 8 0~55 It 20 O.ll II ll 5.4 
tt 9 0.41 " 21 0.05 " 12 3.2 tt 10 0.30 G 1 1.4 tt 14 1.6 
" 
11 0.21 ft 2 2.9 tt 14 0.57 
tt 12 0.14 tt 3 3.6 tt 15 1.15 
tt 13 0.05 
" 
4 1.4 tt 16 1.2 
tt 14 0 
" 
5 1.4 tt 17 1.3 
tt 15 0 
" 
6 1.2 tt 18 3.3 
.. 16 0.26 It :7 3.s " 19 4.s It 17 0.1 II 8 6.2 ff 20 3.1 
" 
18 . O~ll · 
" 9 4.9 " 21 1.3 11 19 0.10 
" 
10 3.2 I 1 3.1 
H - 20 0.0·5 
" 
11 2.1 II 2 2.9 
tt 21 0 
" 
12. 1~3 tt 3 1.6 











3 o.so tt 15 0.44 tt 6 0~28 
tt 4 0~55 
" 
16 3~8 






8 . 1.3 





tt 7 1.5 n 19 . 1.6 . tt 10 2.2 
tt 
· 8 0.97 II 20 . 0.94 It ll 4.9 
" 9 o-.66 n 21 . 0.45 It. 12 5.5 
" 
10 0.45 H 1 2.9 
" 13 3.2 
" 




12 0.20 tt 3 3.3 
" 
15 3.3 
tt 13 0.19 tt 4 1.05 tt 16 . 0.46 
" . 14 0.04 n 5 0.98 tt 17 . 0.48 
11 15 0.05 " 6 0.62 ti 18 1.02. It 16 1.5 
" 




8 3.4 tt 20 2.s 
" 




Ixiput Pick Up Voltmeter Input Pick Up Voltmeter Input Pick Up Voltmeter 
Point. P.oint A.C. ·Point Point . A.C. Point Point A.C. 






14 0.50 ti 5 0.16 
tt 3 0.25 It 15 0.10 n 6 0.12 
" 4 0.05 tt 16 0 tt 7 0.35 




18 0 tt 9 0.77 









9 0.30 n 21 0.01 It 12 0.34 
tt 10 0.45 L l OolO ti 13 0.18 
" 
11 0.65 ti . 2 0.05 
" 
. 14 0.05 
ft 12 l~O 
" 
3 0 " 15 0.12 tt 13 1.6 
" 
4 0 tt 16 0.33 
" . 14 1~3' 
" 
5 0 ti 17 0.80 
" 
15 1.5 " 6 · 0 tt 18 2.s 
" 
16 0.06 n .7 0 " 19 1.2 n 17 Oo05 It 8 0 n 2D 0.46 
It 18 Ool2 tt 9 0 tt 21 0.18 
tt 19 0.19 n 10 0.02 N l 0.38 
" 20 0.25 ti 11 0.05 It 2 0.47 It 21 0.29 ti 12 0.07 1t 3 0~31 




2 0.10 tt 14 . 0.10 tt 5 0.09 
" 3 0·.04 tt 15 0.02 ". 6 0.04 n 4 0 tt 16 0 " 7 0.17 
" 






6 0 It 18 0 
" 
9 0.45 
.. 7 0 " 19 0 n 10 0.61 n · 8 o · tt 20 0 tt 11 . 0.67 
ft 9 0.03 tt 21 0 It 12 0.53 , 
R 10 0.06 M 1 0.31 tt l3 0.29 
" 
11 0.11 ti 2 0.-54 " 14 0.10 
ft 12 o.6o tt 3 0.48 tt 15 o.z, 
Si 
Input Pick Up Voltmeter 
Point. Point A.C. 
N . 16 
. Summation of Pick Up Points 
O.ll 
ti 17 0~14 1 - 32.73 8 - 30.62 15 -- ll.89 
" 
18 0.36 2 - 42~25 9 --- 35.72 16 - 13.45 
n 19 0.93 3 --- 37.22 10 -- 35.79 17 -- 9.30 
n 20 2.4 4 --- 16.75 11 - 34.53 18 -- 15.38 
" 
21 0.90 5 - 15.93 12 --28.98 19 -- 16.28 6 .;._ 9.06 13 -- 19.47 20 -- 14..90 
7 - 21.73 14 --- a.30 21- · 9.63 
VOLTMETER READINGS FOR DETERMINING MAXIMUM SLOPE FOR A CIRCULAR 
SHAFT WITH A CIRCULAR KElWAY IN TORSION WITH A 2-INCH INPUT GRID 
Input Pick Up Voltnwter Input Pick Up Voltmeter 
Point Point \icAoOo Point Point A~C. 
A a 1~4 H a 0~22 
. . tt b 2o'5 
" 
b o~u 
tt c 3~5 tt c 0.59 Summation of Points 
B a 0.61 I a 0~29 
n b 1~18 
" 
b 0~56 a ===== J.12 
n c 1.60 n c 0~82 b === 5~78 
c a 0.29 g a . 0~08 c ==::=:, 8.21 
n 'b 0~55 " b 0~14 tt c o·.s1 
" 
c . 0~21 
D a o.os K a 0.021 




c 0.24 n c 0~062 
E a 0 L a 0.020 





F a 0.01 M a 0.007 
" 
b 0.02 n b 0~014 
tt c 0.03 
" 
c 0.020 
G a o.os N a 0.012 
tt b 0.15 n b 0.020 






. .t . 
DIST:ANOE. FROM ED.GE 
APPENDIX C 
EXPERIMENTAL SOLUTIONS 
D.C. VOLTMETER SOLUTION FOR MAXIMUH SHEARING STRESS 
FOR SQUARE BAR IN TORSION 
Critical Slope (From graph in Appo B) in volts/ino = d v = Uo8 
c)N. 
Measured Resistance 0£ paper in ohms/sq. 
Current Density in amps/sq. ino 
Scale Factor 
Substituting these values into Equation 10 
Tmax. = ~ c) v = 2G9 (l408) = lJ+.7 00 
mip o N 000102 (1975) 
PERCENT ERROR 
Mathematical answer (see App. A) = 1008 GQ 







AoCo VOLTMETER SOllJTION FOR MAXIMUM SHEARING STRESS 
FCR SQUARE BAR IN TORSION 
Critical Slope (From graph in Appo B) in volts/ino = c) v· = 1060 5 
c)N. 
Measured resistance o:f paper in ohrns/sqo 
Current density in amps/sqo ino 
Scale factor 
Substituting these values into Equation 10 
TJil!PC
0 
= 2GQ ;;) v == 2GQ 1060 
rnip ~ N 0010 1950 
PERCENT ERROR 
Mathematical solution (see Appo A) = 1008 GQ 





k.C. ·VOLTMErER SOllJTION FOR ·TWISTING -MOMENT 
FOR SQUARE BAR IN TORSION WITH -2 INCH INPUT 
AND 2 INCH PICKUP GRIDS. 
Calculation of the voluni~ of the voltage function . 
Vol. = ,& Ordinates x Area _of· grid square 
4 
Z'. Ordinates = 126. 90 + _ 2 (120.05 + 9~-·~? ~+ 62003 + ~8~ 91 + 94~~5 
+ 59~52) + 4 (5s.90 + 95.os _+ 112.57~ 9..3o07 + 7s.0_5 ~ 49.05 + 31.05 
+ 48.06 + 56.82) = 3,724.34. 
Vol~e :for 1 quadrant. = (3.72/+.34) = 3724ol4 volt-in.2 
4 . ' 
. . . . . . . 
Total volume = (3 1 724.34) (4) = J.4.897.36 volt-in. 2 . 
TvttsTmG MOMENT 
Volume in volt-in.2 = 14,897.36 
Measured resistance of paper in ohms/sq. = ls,460 
Current density in amps/sq. in. = .00·50 
Scale Factor = -1 
Substituting these values int~ equatio~ 11-A . .. . 
Mt = !.tff. (vo1. of V function) = rQ (¥(897.~6) = 8,230 GQ 
m 1p · · .0050 1450 . · . 
PERCENT ERROR . · 
Mathema~ica1 answer {see .App. A)= ~,240 ~ 
% Error 9240 - · 8230 x 100 = 11% low 
9240 
A.C. VOLTMEI'ER SOWTION FOR TWISTING MOMENT FOR 
SQUARE BAR IN TORSION WITH 1 INCH INPUT AND 2 
INCH PICKUP GRIDSo 
Calculation of the volume of the voltage function 
Vol. = 2 Ordinates x area of grid square 
. 4 
'2] Ordinates = 253047 + 2(242.08 + 218.22 + l25o55 + 241,..ll + . 
197041 + 122.30) + 4(119024 + 195085 + 235087 + 193000 + 161063 
+ 99074 + 65.99 + 990594 + 116030) = 7,701065 . 
Vol~e for 1 quadrant. = (7701065) (4) = 7701065 volt-ino2 
4 
Total. volume= (7,701.65) (4) ~ 30~80606 volt-in~~ 
'!WISTING MOMENT 
Volume in volt-ino2 
Measured resistance of paper in ohms/sq. 
Current density in amps/sq. in. 
Scale Factor 





Mt = ~ (vol. o:t V function) = rg {~0806.6} = 8,500 G9 
m2ip · 0010 (1450 
PERCENT ERROR 
Mathematical answer (see Appo A)== 92.40 GG 
% Error= 9240 - 8500 x 100 = 8% low 
9240 · 
A.C. VOLTMErER SOllJTION FOR MAXIMU1;1 SHEARING STRESS 
FOR CIRCULAR SHAFT WITH KEYWAY m . TORSION WITH 2 
INCH INPUT AND 2 IlJ'CH PICKUP GRID 
Critical slope (from graph in App. B) = av 
'9N 
Measured resistance of paper in ohms/sqo 
Current density in amps/sq. in. 
Scale Factor 
Substituting these values into equation 10 
Tmax. = 2GQ 
mip 
av = 2GQ T·4> ~ N .0051610) 
PERCENT ERROR 
Mathematical answer (see Appo A)::: . 9o00@ 






A.Co VOLTMETER SOLUTION FOR TWISTING Mc»1ENT FOR CIRCULAR 
SHAFT WITH KEYWAY IN TORSION WITH 2 INCH INPUT AND 2 
INCH PICKUP GRIDS. 
Calculation of the volume of the voltage function 
v = Z Ordinates x area of grid square 4 . 
z"1 Ordinates= 16075 + Oo96 + 8030 + 19047 + 2lo73 + 2~37022 + 30062 
+ 42025 + 32073 + 28098 + 34.53 + 14090 + 15.38 + 35.72) ::.: 691055 
VJ.= 691.55 (4) = 691055 volt-in.2 
4 
The volumes of the partial edge squares must now be addedo 
-:£2 = 2lo73 + 9o06 + 13045 + 8030 + 19047 + llo89 = 83090 
v2 = 83.90 (1) = 20.95 volt-in.2 
. 4 
;£3 = 15.93 + 9.06 + 8030 + 5.00 = 38.23 
v3 = 38.23 (.75) ~ 7.17 volt-ino2 
4 . 
v4 = 16075 + 15093 (.95) = 7o53 volt-ino2 
4 
v5 = J.b..90 + 16.28 + 16028 + 15.38 (.95) = 14.93 volt-in.2 
4 
v6 = 15.38 + 9.30 + 14.90 + 9.63 (__o72) = 8.85 volt-in.2 
4 
The follottting volumes ·we figured as segments of a pyr~d, 
where volume = 1/3 (Area Base)h (NOTE: Average heights were used for · 
· symmetrical sections) 
vr-; = 8.30 + 9.06 x 1/3 · (.58) = 3.44 volt-in.2 
2 
vg = 13.45 + 11.89 x 1/3 (loO) = 8.40 volt-in.2 
2 
v9 = 9o30 + 9o63 x 1/3 ( 042) ::: 5o30 volt-ino2 
2 8 
volume of 1/2 the voltage function= ~ v. = 768.12 vo1t-ino2 
i = 1 1 
by symmetry the total vo~ume :: (768012) (2) = 1536024 volt-ino2 
'!WISTING MOMENT 
Volume in volt-ino2 
Measursd resistance of the paper in ohms/sqo 
Current density in amps/sq. ino 
Scale Factor 





Mt, = 4r. (vol. of v function) = too (1536.~l = 7636 00 
m ip 00050 (110} · 
PERCENT ERROR 
Mathematical answer ( see Appo A) = 800 GG 
% Error= 800 - 763 = 406% low 
800 
RATIO OF Mt, TO Tmax0 
Mathematical = 800 GQ = 8809 -
9.00 GG 
Experimental = 763 G9 = Q6ci)1' 
8080 00 
% Error= 8809 - 86.7_ x 100 = 2o5% lot~ 
8809 
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